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Zusammenfassung

Die Ladungstragerdynamik in Halbleiteriibergittern wird theoretisch auf der Grund-
lage eines semiklassischen sequentiellen Tunnelmodells untersucht. Abhéngig von
den Modellparametern ergeben sich dabei laufende oder stationédre Anreicherungs-
und Verarmungsfronten der Elektronen.

Besonders interessante Szenarien entstehen dadurch, dass verschiedenartige Fron-
ten miteinander in Wechselwirkung treten und sich gegenseitig annihilieren kénnen.
Durch diesen Mechanismus wird es moglich, ein chaotisches raum-zeitliches Verhal-
ten bei konstanter duflerer Spannung herbeizufiihren. Das dabei auftretetende Bifur-
kationsverhalten wird analysiert. Es stellt sich heraus, dass ein dquivalentes Szenario
auch in einem System aus Tankbehiltern auftritt, welche nach bestimmten Regeln
befiillt und entleert werden. Solche hybriden Tanksysteme werden iiblicherweise bei
der Beschreibung von Lagerhaltungsproblemen in Fabriken eingesetzt. Ein Haupt-
schwerpunkt dieser Arbeit ist es, diese iiberraschende Verbindung zweier vollstandig
unterschiedlicher dynamischer Systeme zu begriinden. Dazu wird zunéchst das Ver-
halten einzelner Fronten studiert, insbesondere deren Erzeugung am Emitterkon-
takt, sowie die Frontgeschwindigkeiten in Abhéngigkeit des durch das Bauteil flie-
Benden Stromes. AnschlieBend wird das Zusammenspiel der Fronterzeugungs- und
Vernichtungsprozesse anhand einfacher Regeln erklért, welche durch weitere Spe-
zialisierung auf das erwidhnte Tankmodell fithren. Im einfachsten Fall léasst sich das
Tankmodell mittels einer eindimensionalen iterierten Abbildung analysieren, und es
werden die sich daraus ergebenden analytischen Ergebnisse mit den Resultaten aus
der numerischen Behandlung der vollen mikroskopischen Modellgleichungen vergli-
chen.

Weiterhin wird das dynamische Verhalten des Ubergitters bei nichtkonstanter
duBerer Spannung, wie zum Beispiel wihrend Schaltvorgéingen, betrachtet. Hier-
bei ergibt sich, dass das Schaltverhalten in nichttrivialer Weise von der Gréfle der
Schaltspannung abhéngt. In diesem Zusammenhang wird auch das Verhalten unter
einer kombinierten Gleich- und Wechselspannung untersucht.

Durch eine Erweiterung der urspriinglichen Modellgleichungen um eine zusétzliche
Dimension senkrecht zur Haupttransportrichtung des Stroms wird es ferner méglich,
die Wechselwirkung lateraler und vertikaler Strukturen néher zu beleuchten.
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Abstract

The charge dynamics in semiconductor superlattices is studied theoretically on the
basis of a semiclassical sequential tunneling model. Depending on the model param-
eters, moving or stationary electron accumulation and depletion fronts are obtained.

Particularly interesting scenarios arise from the interaction between the fronts
and from the possibility of mutual front annihilation. With this mechanism it is
possible to induce chaotic spatio-temporal behavior at a fixed external voltage. By
analyzing the relevant bifurcations it turns out that an equivalent scenario also
occurs in a system of water tanks, which are filled and emptied following a given set
of rules. This type of hybrid tank system is known to be useful for the description
of stock-keeping problems in production systems. One main focus of this work is to
substantiate this surprising connection between two completely different dynamical
systems. For this purpose, we first study the dynamical behavior of single fronts, in
particular their generation at the emitter contact, as well as the front velocities as
a function of the overall current through the device. We then explain the interplay
of front generation and annihilation processes on the basis of simple rules, which
eventually lead to the tank model with further specialization. In the most simple
case, the tank model may be analyzed by means of a one-dimensional iterated
map, and we compare the analytical results with the numerical results from the full
microscopic model equations.

Also the dynamical behavior of the superlattice under nonstationary external
voltage conditions, such as during switching processes, is considered. It turns out
that the switching scenarios depend in a nontrivial way on the switching voltage.
In this context we also investigate the behavior at a combined ac and dc voltage.

By extending the original model equations with an additional dimension perpen-
dicular to the main current, we explore the interaction between lateral and vertical
structures.
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List of Important Symbols

Symbol Description

Uy /U external voltage / voltage at superlattice

miy [ miy, effective electron mass in barrier / well

EB | EY I" point conduction band energy for barrier / well

V(2 1) Wannier wave function localized at well m with lateral wave

vector k and band index v

b/ w barrier / well width

d/ L period / total length of superlattice

A sample cross section

N electron density in well m

Np two-dimensional doping density

E,, electric field between well m and well m + 1

Jm—ma1 current density from well m to well m + 1

N number of wells in superlattice

o Ohmic boundary conductivity

J global current density

F'(5) /| F"(5) low and high field branch of electron density vs. electric field
characteristic

FL.. /) Fh largest / smallest field on low / high field branch

jrlnax / jr}lliin

jrsnax / jrsiiin

Qa / Qd

Pa /pd

a; / dl

va(5) / va(j)

N, /| Ny

Jd

J(NaNg) = J (%)
(F..j.)

Ly,
e

largest / smallest current on low / high field branch

largest / smallest current for which stationary fronts occur
charge of a fully developed accumulation / depletion front
position of accumulation / depletion front within superlattice
position of the ith accumulation / depletion front

velocity of accumulation / depletion front

number of accumulation / depletion fronts

current density for which v,(jq) = v4(ja)

current density for which N,v,(j) = Ngva(j)
intersection point of homogeneous current density characteris-
tic with emitter current density characteristic

length of high field region in superlattice
ratio N, /Ny for which j(r.) = j.
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Contents

Symbol Description

P/ D minimum length of high / low field domain at emitter, before new
fronts can be injected

n maximum number of fronts of one type (n = max [N***, NJ**¥])

x; length of the ith high field domain and filling height of tank #:.

L draining rate for all tanks

A filling rate of tank connected to server

pP™/ B" Poincaré map / Poincaré section of the n-tank model

M matrix for reordering of tank positions after switching

N, number of nonempty tanks before the next switching of the server

Tr

Udisc

Tq | Ts

Trel

Uac / Udc
it /3
Dy

time just before / after next switching

maximum amount of water lost by one tank before switching
pp in units of Ly, (z = pn/Ly)

P"™ rescaled in units of L,

flat segment of P

flat topped map on unit interval with maximum at A =1 — z/2
tent map

kth iterate of f)

flat segment of f)

string consisting of k — 1 letters of 0 or 1

(@ is the binary representation of [

bitwise inverse of ()

fixed points of fl(k) on branches with positive slope

fixed points of fl(k) on branches with negative slope
trajectory of zo = 1/2 under fy

the shortest periodic orbits of f) has the period k(\)
15 = [p4: )]

initial / final voltage

Ustep = Uf - Uz

tripole relocation triggered for Ugep > Ueit
ramping time

discontinuity in current voltage characteristic

delay time / switching time

relocation time Tyo = T4 + T

ac / dc part of the external voltage

transversal / lateral current density
effective diffusion coefficient




1 Introduction

Moving fronts are the source of complex self-organized patterns in a broad range
of nonlinear systems. Starting from classical water waves, fronts appear in many
different forms in physics, such as the phase transition fronts in crystal growth
[1] or as interstellar conduction fronts [2] in astronomy. Prominent examples for
front systems in chemical science are the famous Belousov—Zhabotinskii reaction
[3, 4] or combustion waves [5]. Furthermore fronts are often a key element in the
self-organization processes in biological systems, for example the excitation wave in
cardiac tissue [6] or during morphogenesis [7]. It is therefore an important task of
nonlinear science to identify the basic features which are responsible for the similar-
ities and differences observed in a variety of front systems and to provide a unified
theory of front dynamics, which may explain the observed patterns irrespective of
the particular system at hand.

Since the 1960s many aspects of single isolated fronts have been studied in the
physical and mathematical literature. Thus a detailed understanding of the gen-
eration, the shape, and the propagation of single fronts in an infinite medium was
obtained in the context of simplified mathematical models in one or two dimensions
[8, 9]. In particular the importance of the non-equilibrium aspects was realized,
and important notions like the distinction between bistable, excitable and oscilla-
tory media were introduced.

In real world systems, however, multiple fronts often coexist, and the interaction
between fronts may lead to sophisticated self-organized patterns. To understand the
relevant mechanisms, it would be desirable to again obtain a simple mathematical
picture, which is capable of identifying the key elements that lead to a particular
pattern, but so far no unifying theory exists. Considerable effort in this direction
has been made concerning the problem of turbulence in fluid systems, which is often
quoted to be the “last great unsolved problem of classical physics” [10]. In spite of
major advances, a unified theory for turbulence is still not available and it is also
not clear, how the results in this area could be carried over to more general front
systems.

Semiconductor devices have a long tradition as practically relevant nonlinear
model systems [11, 12, 13, 14, 15, 16, 17, 18]. Fueled by their enormous technologi-
cal relevance and economic success, semiconductor materials have become one of the
best studied objects in solid state physics. The manufacturing technology for build-
ing small well defined semiconductor structures of high purity has steadily improved
during the last decades, and structures in the sub-micron range are commercially
available today.



1 Introduction

In a semiclassical description, the dynamically relevant quantities in semicon-
ductor devices are typically the densities of the free electrons or holes, the electric
field or the local temperature. Often the microscopic charge transport equations in
such devices are nonlinear [13, 18] and may give rise to a local region of Negative
Differential Conductance (NDC) in the local current density vs electric field char-
acteristic. For an S-shaped or Z-shaped local characteristic, the inhomogeneous
charge distribution is typically characterized by current filaments. Examples are
the Heterostructure Hot Electron Device (HHED) [19], thyristors [20] or the Double
Barrier Resonant Tunneling (DBRT) diode [21]. An N-shaped current density vs
electric field characteristic typically gives rise to charge accumulation and depletion
fronts forming electric field domains in the direction parallel to the current (vertical
fronts). Vertically moving charge fronts appear for instance in the Gunn diode [11].

In the following we will specifically consider semiconductor superlattices, which
consist of alternating layers of two different semiconductor materials. Using so-
phisticated growth techniques, such as the metal organic chemical vapor deposition
(MOCVD), it is possible to fabricate such alternating layers with a thickness of
only a few atomic monolayers at any desired doping density. What makes this
type of structure particularly interesting is the fact that they exhibit at the same
time, lateral filamentary structures and electron accumulation and depletion fronts
in the vertical direction. From the technological aspect, superlattices may serve as
a source for Gigahertz oscillations [22, 23, 24]. Recently, the successful operation
of a so called “quantum cascade laser” [25, 26], which is a specifically modified
superlattice, has sparked further interest in this type of structures.

It is the purpose of the present work to gain a better understanding of interact-
ing fronts, by using the semiconductor superlattice as a particularly simple, but
nevertheless technologically relevant model system. It will be shown that in this
case, a simple mathematical model can indeed satisfyingly predict the basic bifur-
cation scenarios. The methods which worked successfully in this case, could well be
generalized to suit other systems as well.

This thesis is organized as follows: After this introduction we will explain in
Chapter 2 the basic electron transport mechanisms leading to a sequential tunneling
model [27] for superlattices, which is used as the basis for the subsequent numerical
calculations. In the following Chapter 3 we study the generation and motion of
single fronts. It turns out that two complementary types of vertical fronts, namely
the electron accumulation front, and the electron depletion front exist. We examine
the velocity of single fronts as a function of the applied external current, and study
the motion of multiple fronts, which is governed by the global constraint of the
externally applied voltage. Particular consideration is given to the influence of the
contact boundaries on the generation and annihilation processes of new fronts.

In Chapter 4 we combine these results and derive a simplified front model, which
reproduces the numerically observed scenarios leading to chaos under a fixed exter-
nal voltage. Under the additional assumption that fronts do not traverse the whole
sample, we finally obtain in Chapter 5 a tank model, which explains the basic bi-



furcations by a set of filling rules for a system of water tanks. In the most simple
nontrivial case this system further reduces to a one dimensional map, which can be
analyzed analytically.

In the subsequent Chapter 6 we study the front dynamics under non-stationary
external voltage conditions, such as switching, ramping, or combined ac+dc volt-
age. Further interesting dynamical features occur if an additional lateral degree of
freedom for charge transport is taken into account. Such an extension is introduced
in Chapter 7, and the basic effects of interacting lateral and vertical fronts is ex-
amined. Finally in Chapter 8 we give a brief summary and an outlook for possible
directions of future research.
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2 The Microscopic Model

Grown-ups like numbers,
which make it unnecessary to
grasp the essential!

(Le Petite Prince)

In this chapter we will discuss the microscopic theory of the electron transport in
semiconductor superlattices. We will concentrate on the topics which are necessary
to understand the sequential tunneling model, which is used in the subsequent
chapters. For a broader coverage of the microscopic theory the reader is referred to
the books by Bastard [28] and Schéll [29] as well as to the recent review articles by
Bonilla [30] and Wacker [27].

2.1 Vertical Transport

We consider a semiconductor superlattice, which consists of alternating layers of two
types of materials with different band gaps, such as AlAs and GaAs, or Al,Ga;_,As
and GaAs. We will only consider electron transport in n-doped samples. Then the
material with the lower conduction band edge will act as a quantum well, while the
other material represents a quantum barrier. The band structure for an AlAs/GaAs
superlattice is depicted in Fig. 2.1. The external voltage drop U is applied in the
z direction, i.e. perpendicularly to the quantum well layers, giving rise to a vertical
electron current.

2.1.1 Quantum Transport

Let us first consider a single electron in an infinitely long superlattice without bias.
The alternating layers of barrier and well material result in a z-dependence in the
potential energy of the electrons given by the conduction band edge E.(z), and
also in the effective isotropic electron mass m*(z).! The numerical values for the

IFor the effective mass in the well material, we use the effective mass at the conduction band
edge m!V. Since the electron energies we are interested in, can be located in the band gap of
the barrier material, it is not appropriate to use the effective mass m?Z at its conduction band
edge. Instead we use an energy dependent effective mass m?(FE) in the barrier material as
proposed in [31], which interpolates linearly between zero at the valence band edge, and m?Z
at the conduction band edge.
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E —a 'b_' Conduction band

Valence band
E (z)

Z

Figure 2.1: Schematic band structure of the conduction band E.(z) and the valence
band F,(z) in an AlAs/GaAs superlattice with barrier width b, well
width w and period d = w+b. EJ, and E[j are the minimum energies
of the conduction band (¢) and valence band (v) for the barrier (B) and
well (W) material, respectively; Ef and E;V are the respective energy
gaps between valence and conduction band. AE, = EZ — EW is the
difference in the conduction band energy of the well and the barrier
material. A% and A’ denote the widths of the first and the second
minibands, which are located at the energies £¢ and E°, respectively.

effective masses and relevant energies in the case of GaAs and AlAs are given in
Table 2.1.

Due to the periodicity of the structure, we have E.(z+d) = E.(z) and m*(z+d) =
m*(z), and obtain a Kronig-Penney type Hamiltonian [33],

h2
= EC ) 211
T VQm*(z) Vi E() ( )
with eigenfunctions of the form
Poklr,2) = €T (2). (2.1.2)
GaAs AlAs

me | 0.067m,. | 0.15m,
E, | 1.52¢V | 3.13eV
E. |0 1.05eV

Table 2.1: Material parameters for GaAs and AlAs after [31, 32].
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Here r and k are vectors in the two-dimensional (x, y) plane, v is the miniband index
and g € [—7/d,n/d] is the quasi wave vector in z-direction. The Bloch functions
©¥ 1 (2) are of the form

Pyil(2) = e uy, (2), (2.1.3)
with real d periodic functions u;k(z), and fulfill the one-dimensional Schrodinger
equation

2 )| ) = Bsead) 2.1
0z 2m*(z) 0z k\Z) | Pex\?) = Ly kPqr\?), 1.
with e
Vk = Ec(2) + 2 (2)” (2.1.5)

Note that for all relevant energies m*(z¢94%) < m*(244%). This leads to the
somewhat paradoxical situation that for large lateral momentum k, we obtain
Vie(29448) > V4 (2414%), ie. GaAs would act as a barrier, and AlAs attains the
role of the quantum well. This however is an artifact, which arises from the use
of the effective mass approximation at energies, at which it is not supposed to be
valid. In the following we will drop the k dependence of the Bloch functions by
setting ¢, = @0
A standard textbook solution of the Kronig-Penney model [28] yields the disper-
sion relation of the form
h2k?
B/ = W + B, (2.1.6)

where E} is given by the implicit equation

1 Bk v
cos(qd) = cos(kww) cosh(kgb) — 5 (:Zf Hm; - szlj;) sin(kyw) sinh(kpb),
w B
(2.1.7)

with ky = /2, By /h and kg = \/2m(AE, — B}) [k

2.1.2 Decoherence Theory

The Bloch functions ¢} diagonalize the Hamiltonian H in (2.1.6) for a single elec-
tron exactly, and appear therefore to be the most suitable basis from the quantum
mechanical point of view. However one apparent problem with the basis ¢y is that
they are completely delocalized. In practice however, the electrons appear to be
localized on a length scale of a few nanometers, and are not expected to extend
over the whole superlattice, which may be several hundreds of nanometers long.
This localization effect is even stronger, when inhomogeneous charge distributions
occur. Therefore we may ask, how the transition from the delocalized electron to a
localized one can be explained in a quantum mechanically correct way.

This question is related to the more general question, why objects appear to be
localized on a macroscopic scale, even if the quantum mechanical eigenstates are
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delocalized. This is answered conclusively by the so called decoherence theory which
was introduced by Zeh [34] in an attempt to overcome the measuring problem in
quantum mechanics. One of the basic observations in this theory is that due to
the continuous quantum mechanical interaction between all macroscopic objects, a
single object will not undergo the quantum mechanical transitions that would be
possible if the object was isolated [35, 36]. Instead, the objects tends to prefer the
basis, in which the interaction with the environment is diagonal. This so called
quantum Zeno effect has been verified in optical experiments [37]. The preference
of the position eigenstates, which results in the desired localization effect, is then
simply a consequence of the fact that all interactions are local, i.e. diagonal in
position space, but not in momentum space. This is in particular the case for the
Coulomb and the gravitational interactions, which are the dominant interactions
between macroscopic objects. These interactions therefore tend to produce many
particle entangled states |¥) which are composed of components with approximate
eigenstates of the position operator, i.e.

U) = " eil13)[2:) -+ [na), (2.1.8)

i

with 2"|n;) &~ x;|n;), where |n;) is a single particle state. If there are many objects
present (n > 1), the phases between the individual components of the entangled
state become quickly randomized ((c;c;) = 0), which leads to decoherence, and
makes transitions between different components effectively impossible. On a small
scale with few particles however, the phases are not randomized, and quantum
coherence can be maintained for a long time.

The advantage of this approach is that there is no need for a singular measurement
process, which “collapses” the wave functions in the sense of the Copenhagen In-
terpretation of quantum mechanics. Instead, what is conceived as a measurement,
is merely the practical separation of different components of an entangled state,
and is completely explained within quantum mechanics. The question, whether an
interpretation of quantum mechanics along these lines necessarily leads to a “many-
worlds” interpretation [38] is still open to debate [35], and should not concern us
here. We conclude however that the decoherence theory can in principle quantita-
tively predict how the interaction with the environment influences the decoherence
length of the electrons. In particular, the intermediate case, where the electrons are
neither fully localized, nor fully delocalized could be calculated in a natural way.

The practical method to employ the decoherence theory, is to start with the
density matrix of the full state p = |¥)(W¥| which evolves according to the von Neu-
mann equation with the complete Hamiltonian. We may then concentrate on the
evolution of the first particle |1) by tracing out the other particles as environment

ot = tro, np. (2.1.9)

The equation of motion for this subsystem can then be reduced to a Lindblad type
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equation [39]
8/)
Yot

where H! is the reduced Hamiltonian and A summarizes the interaction of the
environment with the considered subsystem. Note that due to the non-unitary part
n (2.1.10), the subsystem can evolve from a pure state to a seemingly mixed state,
although the full density matrix p remains in a pure state. The net effect of this
non-unitary part is that the non diagonal elements in the position basis of p are
damped exponentially [35], i.e

= [H', p'] —iA [2", [2", 0], (2.1.10)

p(z, 2 t) = p(z,2',0) exp (—At(z — 2')?) , (2.1.11)

which leads to a spatial decoherence.

In this work we are dealing with weakly coupled superlattices, where we may
assume that the spatial decoherence due to (2.1.11) is strong enough to localize
the electrons within one quantum well. It may be worthwhile, however to test the
implications of decoherence theory in the more critical case of strongly coupled
superlattices, where nontrivial predictions can be expected. It might for instance
be possible to strictly derive a continuum model of the type used in [40].

2.2 The Sequential Tunneling Model

For the sequential tunneling model we assume that the neighboring quantum wells
in the superlattice are weakly coupled, and therefore the localization effect due to
decoherence is large. It is then useful to work in a basis with localized wave functions
instead of energy eigenstates. A perfectly localized (delta peak) state would require
a superposition of all Bloch states in all minibands and is unphysical. But if we
restrict ourselves to superpositions of Bloch states from only one miniband we are
led to consider Wannier functions [41], defined by [42]

\/7/ gyl (2) (2.2.1)

Here the phases of the different o, have to be chosen in such a way that the best
localization in well number 0 is achieved. A general Wannier function localized at
well m and with lateral wave vector k is then given by

mic(2,1) = W (z — md)e™. (2.2.2)

Taking into account an additional electric field F', the Hamiltonian (2.1.1) can be
written in this new basis in a matrix of the form [27]

H e = {E”(SnméerZ(Th”éw — eFR™) (86smym + S(nn) )}51{1{/. (2.2.3)

h=1
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Here the energy of the miniband E”, and the coupling to the h-nearest neighbor
well T} is obtained from a Fourier expansion of the dispersion relation [42]

B = E" + Z 2T} cos(hdq). (2.2.4)
h=1

In the following we will only take into account the coupling between neighboring
wells (b = 1). The electric field F gives rise to an additional potential Vp(z) = —eFz
yvielding the matrix elements R;" = [ dzU"(z — hd)¥#(z).

If the decoherence time 7, is small compared to the tunneling time, ie. I' =
h/7s > TV+/2, the phase information is lost between two tunneling events, and
the electron tunnels incoherently. Under this condition a sequential tunneling ap-
proach is justified [43]. If furthermore the thermodynamical relaxation between
the different energy levels of one quantum well is faster than the tunneling rate,
we can assume that each well is in a quasi-equilibrium state, characterized by a
quasi-electron temperature 1. The effects due to electron heating and varying T
were studied in [44, 45], here we assume that the electron temperature 7' coincides
with the constant lattice temperature. If we furthermore assume that the lateral
sample cross section A is so small that the electron concentration is homogeneous
in (z,y) direction, then the electron configuration of the superlattice is completely
determined by the electron densities n,, in each quantum well m = 1... N, where
N is the number of quantum wells. Here n,, is the number of electrons in well m
per sample cross section A and is therefore a two-dimensional density. The electron
concentration changes according to the continuity equation

ehm = jm—lﬂm - jmﬂm-‘rlv (225)

where e < 0 is the charge of the electron and j,, .,,11 is the current density from
well m to well m + 1.

2.2.1 The Well to Well Characteristic

Physically, the current density j,,_.,m+1 should not only depend on the electron
densities n,, and n,, 1, but also on the electric field F;,, between the two wells. The
electric field causes a relative shift of the miniband levels by £}, +eF,,d = E}, . If
the miniband levels in two neighboring wells are aligned, i.e. EY, ~ E' ., resonant
tunneling without photon or phonon emission is possible. Since the scattering I'”
causes an energy broadening of the miniband states, a resonant current occurs even
if the level alignment is not perfect, but in general the current will decrease rapidly
with increasing level mismatch. We model this behavior by assuming that the
current density between the levels v and p is proportional to a Lorentzian of width
(T + ") /2. For kgT < E” — E* we may furthermore assume that the tunneling
current is dominated by electrons originating from one of the lowest energy levels
Ep or Ep_ |, since at quasi-equilibrium this is the only significantly populated
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2.2 The Sequential Tunneling Model

energy level. For the usual case F' < 0 (electrons moving from left to right), we
have By, > E},_;, and the tunneling current from Ej, , to £}, with v > 1 can be
neglected. 7, .m+1 is then calculated by a Fermi’s Golden Rule like expression [42],

. € a,V >

i = 3 M ? /E dEpo [np(E — EE) = np(E — EE, | + eFd)]
1v
rt+1v

eFd+ Ee— Ev)2 + (T1 +Tv)2/4°

X (2.2.6)
(

where np(z) = (1+exp(x/kgT))~! is the Fermi function, EX is the Fermi energy in

well m, py = m/wh? is the two dimensional density of state, and kp is Boltzmann’s

constant. Using

a

e EF
n= / dEpynp(E — EF) = pokpT In <1 + exp ﬁ) : (2.2.7)
B

we may express the Fermi energy EZ is a function of the electron density n,,.
Performing the integration in (2.2.6) and replacing E and E! | by n,, and n,,1
via (2.2.7), we finally find

. (& 1v 2
Jm—m+1 (Fma N, nerl) = E : ﬁ ‘Hm,m—kl

41V
a v 2
(EI/ — Fa _ eFmd>2 + (F J2rF )

"m+1 _eFmd
X {nm — pokpT In [(ePOkBT — 1) e kBT + 1} } .

X

(2.2.8)

In the following we will only take into account the two lowest minibands. The
corresponding matrix elements can be obtained from (2.2.3) as H;",, ., = T and

HOP = —eFRY’. Note that (2.2.8) is only valid for ' < 0. For F > 0 we use

m,m—+1

the identity

jm—>m+1 (Fma N, nm—i—l) = _jmﬂm—&—l(_Fma Nm+1, nm) (229)

For concreteness let us consider a superlattice of type A with the physical parame-
ters given in Table 2.2. The well to well characteristic jp—mi1(Fm, N, Tnr1) for dif-
ferent values n,, is plotted in Fig. 2.2. The homogeneous characteristic n,, = N1
(orange curve in Fig. 2.2) is point symmetric with respect to the origin as required
by (2.2.9), and shows four pronounced extrema which we label by the letters A, B,
C and D. The outer peaks A and D correspond to the resonant currents from E? to
EY ., and E¢, to E?,, respectively. On the other hand, the two inner peaks B and
C are due to the tunneling current between £, and Ey,. If we now keep n,,11
fixed at the doping density Np and vary n,,, we find that peak D is not affected at

all, since the current from E¢ ; to EY only depends on n,,.;. On the other hand,
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2 The Microscopic Model

Parameter Superlattice A | Superlattice B
barrier AlAs Aly3Gag7As
well GaAs GaAs

b [nm] 4.0 5.0

w [nm] 9.0 8.0

d [nm] 13.0 13.0

E® [meV] 47.1 41.5

E® [meV] 176.5 160

I, [meV] 4.0 4.0

Iy [meV] 4.0 4.0

T [K] 5 20

RY" [mm] 0.268 12.7

N 40 100
N3P[10%em ™3] | 167 7

Np [pm™—2] 2170 1000

Table 2.2: Superlattice parameters. Superlattices A corresponds to the experimen-
tal sample used in [46, 47]. Superlattice B is similar to the experimental
lattice in [48], but with a different doping density.

we find that the current density at peak A is proportional to n,, and in particular
vanishes for n,, = 0. The position of the peaks A and D does not change. This
is in contrast to peak C, which moves from F,, = 0 at n,, = 0 to higher values
of |F,,| with increasing n,,. At the same time the height of the peak decreases,
until it is hardly visible at n,, = 5Np (Fig. 2.2). On the other hand peak B gets
more pronounced and moves towards F;,, = 0 with increasing n,,. We note that for
Nm 7 N1 the current density does not vanish at F,, = 0, since the Fermi energies
are different in both wells.

2.2.2 Global Coupling

The electron densities and the electric fields are coupled by the following discrete
version of Gauss’s law,

eréo(Fn — Frn1) = e(ny, — Np) form=1,...N, (2.2.10)

where Np is the two—dimensional doping concentration, N is the number of wells
in the superlattice, Fy and Fy are the fields at the emitter and collector barrier
and €, and € are the relative and absolute permittivities. Eq. (2.2.10) can be
derived from Gauss’s Law in the integral formulation, with the integration volume
being one well with finite width w. Then Eq. (2.2.10) follows under the conditions
that the charge is localized within the wells, and that the charge distribution does
not depend on the lateral coordinates. This is the case since the electron wave
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2.3 Boundary Currents
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Figure 2.2: Well to well characteristic jy—m+1(F, N, Nnt1) (eq. (2.2.8)) of super-
lattice A (Table 2.2), for n,,11 = Np and various values of n,,.

functions are assumed to be Wannier functions in the vertical direction and plane
waves in lateral direction, and the background charge due to doping is assumed to
be confined to the center of the well.

The sum of the electric fields is then related to the total voltage drop U between
emitter and collector by

U==) Fnd (2.2.11)

Here we choose a sign convention for the voltage, which makes U positive, but the
electric fields and current densities are negative. The global coupling by the external
voltage U, will prove to decisively influence the dynamics of the superlattice. In

particular, U may also depend on time as we will discuss in more detail in Chapter 6
(see also [49, 50]).

2.3 Boundary Currents

As will be discussed in Chapter 3, the proper choice of the boundary current jg_.;
from the emitter to the first well decisively influences the dynamical front properties
of the superlattice.

For the following numerical calculations, we use the following simple Ohmic
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2 The Microscopic Model

boundary current densities [44]:

Jo—1 = ok, (2.3.1)
INoN+1 = OFN—. (2.3.2)

where ¢ is the Ohmic conductivity, and the factor ny/Np is introduced in order to
avoid negative electron densities at the collector. In Sec. 3.3.1 we will see that o
governs the injection of electron accumulation and depletion fronts at the emitter.

In [51] a more microscopic method for calculating the current from a highly doped
emitter contact into the superlattice was proposed. A numerical implementation
[52] shows that such a scheme also generates electron accumulation and depletion
fronts at the emitter, which are equivalent to the fronts generated by the more
simple Ohmic boundary currents.

In [53] an exponential boundary current density of the form

jOﬂl = aexp <bF0) ) (233)

was considered. Here a and b are suitable parameters. Again it was found that the
dynamical behavior of the superlattice is equivalent to the dynamics under Ohmic
boundary currents.

From the experimental point of view, it is desirable to choose a specific dynamic
scenario by tuning the contact conductivity o. Recent experimental studies show
that deep donors in the contact layers have a dramatic effect on the contact conduc-
tivity and a large increase of the contact resistance can be realized by decreasing
the temperature below 200 K [54]. Since this effect is sensitive to illumination, it
should be possible to adjust o optically. Alternatively, the temperature dependence
of the emitter current may also be exploited.

Other boundary conditions (Dirichlet and Neumann) have been used in earlier
work [55, 56, 57, 58, 59, 60, 61].
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3 Front Dynamics in One Spatial
Dimension

It is not necessary to
understand things in order to
argue about them.

(Pierre Augustin Caron de
Beaumarchais)

In a superlattice with a large number of quantum wells, charge accumulation and
depletion fronts typically occur, and play a major role in the dynamical behavior
of the system. Such fronts are either stationary or move with positive or negative
velocities. Two typical examples of front dynamics are shown in Fig. 3.1. We see
that particularly interesting scenarios may arise if fronts of opposite polarity collide
and annihilate (see Fig. 3.1(a)). In this chapter we will discuss the basic dynamics
of fronts in detail. The results of this chapter are the requisites for the front model
which will be introduced in Chapter 4.

Our analysis starts from the microscopic sequential tunneling model which was
explained in detail in Chapter 2. The model equations consist of the continuity
equation (2.2.5), the discrete version of Gauss’s law (2.2.10) and the global coupling
by the external voltage (2.2.11), which we compile here once more for convenience:

ENm = Jm-1om — Jmomi1 form=1...N, (3.0.1)
ereo(Fn — Fne1) = e(ny, — Np) form=1,...N, (3.0.2)
N
U = =) Fud (3.0.3)
m=0

3.1 Dynamics of a Single Front

The dynamics of single fronts in discrete systems have been extensively studied
in various contexts [62, 63, 64, 65], including the specific case of semiconductor
superlattices [66, 67, 68, 69, 27]. Although the general theory of front propagation
in discrete systems tends to become rather complicated [65], we will show that
the basic properties of fronts in semiconductor superlattices can be understood
easily by considering the “operating points” on the current density vs electric field
characteristic across each barrier.
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3 Front Dynamics in One Spatial Dimension

D 1ot | |

100 B

—

o 2.5 B

g
g
VN
LS R AAN

2 | . | H

1 | 1 | . | 1 | 1 |
_1150 160 170 180 190 200

time [ns]
b) ,

1LY

2SS/

sl = ik iy Ly

150 160 170 180 190 200

time [ns]

Figure 3.1: Examples for the evolutions of the electron densities (top panels), elec-
tric fields (middle panels) and current densities (bottom panels) of su-
perlattice B for an external voltage U = 2V and contact conductivity
oc=050""m™! (a) and ¢ = 1.3Q7'm~! (b). In the top panels the
electron accumulation and depletion layers are shaded in blue and red,
respectively. The red areas in the middle panels show the high field
domains. The raw current density data in the lower panels are plotted
in cyan, while the black lines show a running average of the current over
an interval of 0.5 ns.
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3.1 Dynamics of a Single Front

Let us first consider the case of a single charge accumulation front, which is
located far away from the contacts. This front is characterized by a number of
consecutive quantum wells with indices my, ..., m,, where the electron densities
are noticeably larger than the doping density Np, whereas outside of the front the
electron densities are approximately equal to Np, i.e.

Nm > Np+5% form e [my,m,], (3.1.1)
n, = Np=+5% else. (3.1.2)

Here a heuristic 5% accuracy cutoff is introduced since even far away from the front
the electron density is never ezactly equal to the doping density. An analogous
definition for m; and m, applies in the case of a charge depletion front.

Instead of fixing the voltage drop U at the device by (3.0.3), it turns out to be
advantageous to study the front motion at a fixed current density

4 1 4

instead (here we neglected any contributions from the internal capacitance, since
we are interested in the current inside the sample). Practically this is achieved by
introducing a large external resistor R, and set

—U = —Uy — RAj, (3.1.4)

where A is the sample cross section, and Uy is the fixed overall voltage. For a
sufficiently large R we have |U| < |RAj|. The current density is then approximately
fixed by
.Uy U U

= RATRATRA
Note that U itself is not assumed to be fixed. However, a change in U due to the
internal degrees of freedom of the superlattice will only have a tiny effect on j,
according to (3.1.5).

A typical profile for the electron density and the electric field of an electron
accumulation front under fixed current density conditions is shown in Fig. 3.2. In
this case the front width is about 6 wells.

Far away from the front, the well-to-well current densities obey the homogeneous
current density vs field characteristic as in Fig. 3.3. Furthermore the electric field
must be located on one of the branches with positive differential conductivity, since
otherwise the configuration would not be stable against small charge fluctuations.
For a fixed current density, this determines the low and high fields F'(5) and F"(3),
respectively (see Fig 3.3). The field obeys Gauss’s law (3.0.2) and therefore in-
creases' from F' =~ 0 to a large negative value F" with increasing well number m.

(3.1.5)

Due to the negative sign of the electron, the electric fields and current densities are negative
for our choice of the coordinate system. It is nevertheless customary to call F' the high field
and F! the low field, although formally 0 > F! > F". Consequently, terms like increasing and
decreasing are used in reversed logic in connection with fields and current densities.
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3 Front Dynamics in One Spatial Dimension
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Figure 3.2: Electron density (black) and electric field (red) profile for a stationary
charge accumulation front at constant current density. j = —6.0 A/mm?

The total charge (), < 0 per unit area in the accumulation front is then simply
given by

Qu(j) = Y e(nm — Np) = erea(F"(j) — F'(j)). (3.1.6)
m=my
Here we assume that the current is fixed to the same value at both sides of the
front, which is only possible if the current density is chosen in the interval where
the multistability in the field occurs (cf. Fig. 3.3). Otherwise (), would be time-
dependent, and the front would be unstable.

In the case of an electron depletion front, the electron density and field profiles
are shown in Fig. 3.4. The electric field shows a drop from F"(j) to F'(j) with
increasing well index m. By comparing with (3.1.6) it is obvious that the total
charge of the depletion front is Qy = —Q,. We furthermore note that the charge
profile of the depletion front is flatter and broader than for the accumulation front.
The reason for this difference is that the electron density n,, is required to be
positive. Therefore the contribution of one well to the total charge ), can not
exceed —eNp. Such a restriction does not apply for charge accumulation fronts,
since there is no upper limit on n,,. In fact we see from Fig. 3.2 that for this choice
of parameters, the majority of the charge in an accumulation front is located within
one single well.

3.1.1 The Current Velocity Characteristic

In order to study the motion of charge fronts it is useful to define the position p, /4
of the electron accumulation or depletion front by its center of charge,

s e(nm — Np)
o/ = md——2— D7 3.1.7
Pa/a m; o (3.1.7)
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Figure 3.3: Homogeneous well-to-well current density vs field characteristic for a su-

perlattice of type B. F' and F'* denote the low and high field region on
the first and third branch of the characteristic, respectively. The transi-
tion from the first branch to the second branch occurs at (FL,_ 5. )
(—0.36 MV/m, —17.6 A/mm?) and the transition from the second to the
third branch at (Fh 4% ) = (=3.95MV/m, —1.10 A/mm?). Only the
second branch exhibits negative differential conductivity. The orange
double headed arrows indicate the possible ranges for F! and F™.

Note that p,/q is a real number, although the underlying superlattice is discrete.
The velocity v,/q of an accumulation or depletion front can then be obtained by
differentiating (3.1.7) with respect to time and using the continuity equation (3.0.1)

. s jmflﬂm - ijerl
Va/d = DPa/d = md 3.1.8
/ / mz;” Qo (3.1.8)
d ( my—1
= mljmlflﬂml + Z ijerl - mrjmrﬂmﬂrl) (319)
Qa/d m—m,
d mf:l (j ) (3.1.10)
~ Jm—m+1 — 1), i
Qa/d m—m,
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Figure 3.4: Electron density (black) and electric field (red) profile for a charge de-
pletion front moving with positive velocity at a constant current density
Jj=—2.0A/mm?

where in the last step we have used that j,,,—1—m, = Jjm,—m.+1 =~ j, which is fulfilled
to a high degree of accuracy for all current densities outside the front as defined by
(3.1.1).

Further insight into the term j,, .1 — j appearing in (3.1.10) can be gained
by differentiating Gauss’s law (3.0.2) with respect to ¢ and using the continuity
equation (3.0.1) to arrive at

ETGO% =7 — Jmoms1 form=0...N. (3.1.11)

Using (3.1.11) together with (3.0.2) and (3.0.3) leads to an alternative set of dy-

namical model equations in terms of electric fields, instead of electron densities,
which is well studied in the literature [70, 71].

Substituting (3.1.11) into (3.1.10) and using the fact that F}, = 0 for m ¢ [m;, m,]

we obtain
N

d dF,,
a/d = — r€0— . 3.1.12
Ya/d Qe mz:OE €0 1 ( )
Using (3.0.3) and (3.1.6) finally yields the simple relation
1 dU

Vaja = + (3.1.13)

Frj) = F'(j) dt -

We may use (3.1.13) to obtain the front velocities as a function of j numerically.
For this purpose, we approximately fix the current density j using a large load
resistor (RA = 10°Qm?) according to (3.1.5). We then calculate the slope of the
sample voltage U(t) by numerical regression. The corresponding results are shown
in Fig. 3.5. For the depletion front (red line in Fig. 3.5) we obtain an always
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Figure 3.5: Front velocity vs current density for electron accumulation (blue) and
depletion (red) fronts of superlattice B. The broken lines denote unstable
fronts. j2., and j> .. denote the minimum and maximum current for the
stationary accumulation front. The orange and green lines are analytical
predictions of the accumulation and depletion front velocities according
to (3.1.25) and (3.1.14), respectively.

positive velocity which is approximately proportional to the current density. For
small current densities however the depletion front becomes unstable (broken line)
which is due to the fact that the high field branch F”(j) of the homogeneous current
density characteristic can not support arbitrarily small currents, but has a minimum
at .~ —1.15A/mm? (see Fig. 3.3). If we try to impose an external current
density below j”. , this will only affect the low field region, which is at the right of
the front. Consequently more electrons are entering the front from the left than are
leaving at the right border, until the depletion front has vanished.

For the electron accumulation front (blue line in Fig. 3.5) the velocity vs current
density characteristic is more complicated. For small currents the front is unstable
for the same reasons as the depletion front above. With increasing current the
velocity drops from positive values to zero, which means that the front becomes
stationary. The fact that the front can be pinned for a finite range of j is due
to the discreteness of our system, and would disappear in the continuous limit
N — oo, d — 0. With further increase of the current, the front is unpinned
and starts to move with negative velocity, i.e upstream towards the emitter [67].
Since currents larger than jL  ~ —17.5 A/mm are not supported by the low field
branch of the homogeneous characteristic (Fig. 3.3) the accumulation fronts become
unstable beyond ji .
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Figure 3.6: Various well-to-well characteristics j,,—m+1(F, 7, nmy1) for the charge
depletion front of Fig. 3.4 at j = —2A/mm? The framed squares
denote the actual operating points (Fi,, jm—m+1(Fm, "m, Mms1)) if the
field profile of Fig. 3.4 is taken into account.

3.1.2 Depletion Front with Positive Velocity

The simplest case of front propagation is that of a depletion front (Fig. 3.4). For m €
[my, m,.] the current density vs electric field characteristic j,—mi1(F, Ny, Nnr1) will
not simply obey the homogeneous characteristic of Fig. 3.3, since n,, and n,,; are
different from Np. But if the electron density profile n,, is known for one particular
front, we can calculate the inhomogeneous characteristic 7, —m+1(F, N, Nme1) as a
function of F' at each m separately.

The resulting current density characteristics are shown in Fig. 3.6. We see that at
the left and right borders of the front we obtain an almost homogeneous character-
istic (black and yellow line in Fig. 3.6), since there the electron densities are not too
different from the doping density. Inside the front the electron concentration is de-
pleted and almost vanishes at the center of the front (see well 58 and 59 in Fig. 3.4).
Following the discussion in Section 2.2.1, this results in severely suppressed current
density characteristics (red and magenta lines in Fig. 3.6), which are in particular
below the external current j (green line) for any field between F' and F™.

Let us now consider the operating points (F,, jm—m+1). At the left boundary of
the front the operating point is close to (F'*(j),j) (black square in Fig. 3.6). With
increasing well index m the field F,,, decreases towards F' and the current j,_m41
drops to almost zero and rises again to j. We therefore note that all contributions
to the velocity in (3.1.10) are positive, and we conclude vy > 0.

A useful approximation for the velocity vy can be obtained by considering (3.1.11)
at the center of the front, where we can approximate n,, ~ 0. Then we have
Jmomi1 = 0, and E,, = j/(e.€0). From Gauss’s law (3.0.2) we know on the other
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Figure 3.7: Well-to-well characteristics as in Fig. 3.6, but for a stationary charge ac-
cumulation front at j = —6.0 A/mm?. For the electric field and electron
density profile of this front see Fig. 3.2.

hand that F,_; = F,, + eNp/(e-€0). The time At at which F,,(t + At) = F,,_1(t)
is then given by At = eNp/j. But At is also the time needed for the front to travel
by one well period d. Thus the velocity of the depletion front is positive and can
be approximated by [68, 66]
L

Vg =~ o ND .
From Fig. 3.5 we see that this approximation is in very good agreement with the
numerical calculations, except for current densities close to the front instability.
However, we stress that (3.1.14) is only valid for rather low doping density, i.e.
—eNp < Qg since the derivation depends on the presence of at least one completely
depleted well with n,, &~ 0. It was in fact shown by Wacker [27] that for high doping
values even negative velocities for v, are possible.

(3.1.14)

3.1.3 Stationary Accumulation Front

Let us now consider a stationary accumulation front, i.e d;n,, = 0 for all m at a
fixed external current density j (cf. Fig. 3.2). Let us denote by m, the well with
the highest electron concentration (for Fig. 3.2 we have m, = 51). The individual
well-to-well characteristics close to m,, are shown in Fig. 3.7.

We see that by approaching the front from the emitter side, we first observe
an almost homogeneous characteristic (blue line in Fig. 3.7) and a current density
electric field operating point close to (F',j) (blue square). But already at the
next barrier the current density characteristic jp,,—1—m,(F) (cyan line) shows a
suppressed low field peak. This is due to the large electron concentration at well
m,, inhibiting the tunneling of electrons into well m,,, as discussed in Sec. 2.2.1. Since
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Figure 3.8: Electron density (black) and electric field (red) profile for a charge
accumulation front moving in positive direction at constant current
Jj=—2.0A/mm?

the electric fields are constant in time, we conclude from (3.1.11) that in particular
Jmp—1—m, = J, while the electric field F, _; is larger than F' (cyan square). At the
next barrier the current density takes advantage of the large electron density n,y,,
which yields a characteristic jy,,—m,+1(F) (magenta line). The electric field F,,
(magenta square) has increased by a large amount due to n,,, > Np, but the current
is fixed at j,,—~m,+1 = J. For even larger m the characteristic again approaches the
homogeneous characteristic and the operating point is close to (F, j). Since at any
barrier we have jy,,m,+1 = j, the total velocity of the front is zero according to
(3.1.10). Note that none of the operating points is located at the unstable branch
with negative differential conductivity. This is only possible in a discrete system,
where the field changes by a finite amount from one barrier to the next. It thus
follows, that stationary fronts of this type can not appear in a continuous system,
since there the branch with negative differential conductivity can not be avoided.

3.1.4 Accumulation Front with Positive Velocity

By lowering the external current ;7 we arrive at well-to-well characteristics as in
Fig. 3.9. By comparing with Fig. 3.7 we note that the characteristics themselves
did not change considerably, but only the imposed external current j (green line) is
lowered. In particular there is now no operating point, at which the characteristic
jmpﬂmpH(F) could assume j, i.e the magenta characteristic and the green line in
Fig. 3.9 do not intersect. Instead we have j,,, —m,+1(Fm,) < j, which results in a
positive velocity by (3.1.10).

In order to estimate the velocity of the accumulation front with positive velocity it
is instructive to look once more at the stationary case, just before the front starts to
move. The corresponding characteristics for the minimal stationary current j2. =
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Figure 3.9: Well to well characteristics for a right moving charge accumulation front
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-10

N
o

— well 51 to 52

well 52 to 53
— well 53to 54
— well 54t0 55

j=-3.7 Almm’

N
351

current density [A/mmz]
-

0 | | |
5
electric field [MV/m]

Figure 3.10: Well to well characteristics for a stationary charge accumulation front
with j = —3.7 A/mm? close to js,. .

-10

25



3 Front Dynamics in One Spatial Dimension

—3.7TA/ mm? is shown in Fig. 3.10. We see that now the external current density j
(green line) intersects jm,—m,+1(F) at its minimum value. We may approximate the
homogeneous current density vs electric field characteristic j,,—m+1(Fm, Np, Np) for
F"(j) < F < FL__ by a parabola going through (F., ) and with a minimum

max
at Fh. . For the inhomogeneous case we can assume that

jmﬂm+1<Fm7 N, nerl) ~ (RM/ND)ijm+1<Fm7 ND7 ND)7 (3-1~15)

which is appropriate if Pauli blocking can be neglected. This yields (in the fully
degenerate limit)

l
ax’ Jmax

) "m ] ) ; Fm — Frﬁin ?
.]mﬂerl(qu Ny Mm, + 1) ~ N—D jr];in + (jrlnax - .]rfrllin) (W) . (3116)

We can determine the minimal stationary current j.. by requiring that the region
with negative differential conductivity (NDC) is traversed in one step, i.e. Fy, 1 =~
Fl.and F, =~ F" (see Fig. 3.10). Then we have

max min

€r€o

N, (Fm,) & Np + — (F, — FL.) (3.1.17)

e

and arrive at the well know condition for stationarity [42, 72] (see also [71, 59])

jrilin ~ jmp_’mp+1(FI‘}Illin7 nmp? nmp + 1) (3'1'18)
~ |1+ 20 (g~ FL | e~ —3.99 A /mm?, (3.1.19)
GND
which overestimates the numerical value ji. = —3.64 A/mm? of superlattice B

slightly by about 10%.

By lowering j below j: . the field F,, will move according to (3.1.11). We can
estimate the time At during which F,, drops from F,, to Fj, _i, which equals the
time in which the front advances by one well. From (3.1.11) we obtain

Fonp—1
At = / o dF,. (3.1.20)

Fmp j - jmp*’mp“rl (Fm7 nm7 nerl)

We can assume that the main contribution to the integral in (3.1.20) arises from
the region close to F,, ~ F"  where the integrand has a maximum, while the

exact choice of the boundaries is not crucial. Using the approximations (3.1.16)
and (3.1.17) and the substitution

Fmp - Fr?lin

we get

Np [! d
At ~ —ae,h D / A d )
Jmin /-1 j;f — (1+a)+ ax — 2?2 + afz?

min

(3.1.22)
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Figure 3.11: Electron density (black) and electric field (red) profile for a charge
accumulation front moving in negative direction at constant current
j=—10.0 A/mm?.

Here we used the abbreviations

.S -h
Jmin — Jmin €r€0 (Fh

— — R 3.1.23
« ,jglin €ND min max) ) ( )
1 _ ko
po= jima".h Jmin. (3.1.24)
jmin

and for convenience integrate over the interval [—1, 1]. The numerical integration of
(3.1.23) for given a and (3 is straightforward. For the parameters of superlattice B
we have o =~ 2.63 and 3 = 15.0. The velocity v, is then obtained by

(3.1.25)

and is plotted in Fig. 3.5 (orange line). In spite of the coarse approximations made,
the analytical approximation agrees astonishingly well with the results from the
numerical simulations. In particular the crossing point of the velocities of the accu-
mulation and depletion fronts is well reproduced by the analytical approximations
(3.1.25) and (3.1.14). At low values of j ~ j", however, where the accumula-
tion front becomes unstable, the velocity obtained from (3.1.25) underestimates v,
considerably.

3.1.5 Accumulation Front with Negative Velocity

Besides positive and zero velocities, the electron accumulation fronts show negative
velocities for external currents larger than j2 . (see Fig. 3.5) [67]. For a charge
accumulation front moving left, the charge and field profiles (Fig. 3.11) are very
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3 Front Dynamics in One Spatial Dimension
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Figure 3.12: Well to well characteristics for the left moving charge accumulation
front in Fig. 3.11.

similar to the stationary case (Fig. 3.2). Consequently the well to well characteristics
in Fig. 3.12 are also similar to the stationary ones (Fig. 3.7) but with an external
current j (horizontal green line in Fig. 3.12) at a higher value. Due to this rise
of j there is now no intersection point of the characteristic jm,,—1—m,(#) (cyan
line) with j (green line) on the first branch. This means that the operating point
(Jmp—1—mys Fm,—1) (cyan square) is below j and results in a negative contribution
in (3.1.10). Since all other operating points are also less than or equal too j, we
conclude that v, in this regime will be negative.

In principle, it is possible to carry out a similar analysis for the negative front
velocity as was done for the positive front velocities in Sec. 3.1.4. It is clear that
the main contributions to an integral corresponding to (3.1.20) will now arise from
the region F' ~ F!__ which is responsible for the moving instability. However in
this case the approximation of the current density vs field characteristic close to
F! is more complicated, since now the dependence of j,, i1 ON Nyypq can not
be neglected. In particular the approximation (3.1.16) is not sufficient for negative
velocities, and a diffusion term has to be included in the analysis. Since in this
work we are mainly concerned with currents below 5. we do not pursue this path
any further, but refer the reader to [27], where negative velocities were analyzed in
a continuous limit model.

3.2 Multiple Fronts under Fixed External Voltage

In the previous section we have studied the motion of a single front at fixed external
current j far away from the contact and obtained the front velocity vs current
density characteristic in Fig. 3.5. We now consider the case of several fronts, which
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Figure 3.13: Velocity vs current density characteristic as in Fig. 3.5, in the region
around j4, where the accumulation and depletion front velocities are
equal. jn,,n, denote the points where N,v, = Ngvg (cf. (3.2.2)).
respectively.

are assumed to be well separated and far away from the contacts. Instead of fixing
J we now fix the external voltage U, which is experimentally much more convenient.

Since the fronts are assumed to be separated, the indices m; and m,. in (3.1.7) are
well defined for each individual front, and we may therefore calculate the positions of
each accumulation front a, ... ay, and depletion front d; ...dy,. Here N, and N, are
the number of accumulation and depletion fronts, respectively. Since accumulation
and depletion fronts appear alternatingly in the vertical direction, we have

N, — Ng=+1,0,—1. (3.2.1)

We may now conceive the superlattice as being split into N, + N, smaller parts,
each of which contains only one front. Since the total charge in each part is fixed to
either (), or Q4 the current density at the boundaries of each part is also fixed to
the same value j throughout the superlattice. We may therefore apply the results
of Section 3.1 to each part separately. By summing (3.1.13) over all parts, and
assuming that the external voltage U is constant we get the important relation:

Nova(j) = Navaly). (3.2.2)

Note that this relation is exact in the limit of well separated fronts.

If the number of fronts N, and Ny is given, the current density j is fixed by
(3.2.2). In the case N, = Ny, i.e. an even number of fronts, we have j = j,, where
Ja is at the intersection point of v,(j) and v4(j), see Fig. 3.13. Similarly for the
tripole configuration consisting of two accumulation fronts and one depletion front,
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3 Front Dynamics in One Spatial Dimension

the current density j = j21) is fixed by 2v,(j¢) = v4(j¢). For other configurations
the corresponding current densities are described in Fig. 3.13. Since there is only
a countable set of configurations, the set of possible j is discrete with j; being the
only limit point.

With this knowledge we can now explain the current density trace of Fig. 3.1(b),
which alternates between a dipole and a tripole configuration. For a dipole configu-
ration with one accumulation and one depletion front, the averaged current density
is fixed to the constant value j;, while in the tripole configuration with two deple-
tion and one accumulation fronts, we obtain j = j9,1) as predicted from (3.2.2).
In this context it is instructive to realize the meaning of (3.2.2) directly from the
field evolution (middle panel of Fig. 3.1(b)) in the tripole phase. Due to the fixed
voltage, the total length of the red high field domain is required to be constant.
Since the high field domain shrinks with the motion of the two accumulation fronts
and increases by the depletion front, the velocity of the depletion front obviously
has to be twice the velocity of the accumulation fronts.

In contrast to the averaged current density, the raw current density data (cyan line
in Fig.3.1(b)) shows rapid spikes which are due to the discreteness of the superlattice
[52] (well-to-well hopping of charge packets, cf. [73]).

In the current density trace of Fig. 3.1(a) we also observe plateaus corresponding
to the currents density jq 2y, j(2,3), J3,4) and jg, although they are not as flat and
well developed as in Fig. 3.1(b). The reason for this difference will become clearer
in Chapter 4.

3.3 Front Generation and Annihilation

So far we have only considered the free motion of charge fronts well separated from
each other and the contacts. But for interesting dynamical scenarios as for example
in Fig. 3.1(a), we also need front generation and front annihilation processes.

3.3.1 Front Injection at the Emitter

In the superlattices under consideration, both types of fronts are in general only
generated at the emitter. We will see that the choice of the boundary conditions, as
well as the imposed external current j play a decisive role for the front generation.
For convenience we assume that the emitter contact is Ohmic (2.3.1),

jO—>1(FO) = O'Fo, (331)

with o the contact conductivity, and Fj the electric field between the emitter and the
first well. In the following we will choose o such that the linear contact characteristic
Jo—1(Fp) intersects the N-shaped homogeneous characteristic j;_.o(F1, Np, Np) at
a point (F,, j.) on its branch with negative differential conductivity (see Fig. 3.14).

30



3.3 Front Generation and Annihilation

-20 T
—0=10Q"m"
— j=-15A/mm’
—j=-3 A/mm’

current density [A/mmz]
5

! | ! | ! |
0 2 4 6
electric field [MV/m]
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31



3 Front Dynamics in One Spatial Dimension

Let us consider a superlattice under fixed external current density j, with initial
conditions

ni(t=0)= Np; Fo(t=0) = j/o. (3.3.2)

It follows from (3.1.11) that [ is a stable fixed point. From (3.0.2) we see that
Fi(t = 0) = Fy. Let us first assume that j is larger than j. (red horizontal line
in Fig. 3.14). In this case Fy and Fi(t = 0) are larger than F, (red squares in
Fig. 3.14), which means that

|12l < Ldel < 7] = ljo—al- (3.3.3)

Consequently, Fi(t) will increase towards higher values due to (3.1.11) until it even-
tually reaches I} ~ F"(j) 2. If on the other hand j is smaller than j. (magenta line
in Fig. 3.14) Fi(t) will decrease for complementary reasons (magenta squares). It is
now apparent that the choice of the external current j in comparison to the inter-
section point j. is crucial. From the above discussion we come to the conclusions
that

17| > |7l = high field at emitter, i.e. Fy(t>> 0) =~ F"(j), (3.3.4)
5] < |je] = low field at emitter, i.e. Fy(t > 0)~ F'(j). (3.3.5)

We may now argue that (3.3.4) and (3.3.5) are still approximately valid, even if
the initial conditions (3.3.2) are not fulfilled. Let us consider a superlattice at a fixed
external current 7, which initially contains an accumulation front at a position p,
far away from the boundary, and possibly further fronts at positions p > p,. Then
the region to the left of p, including the emitter region is in the low field domain.
If j is larger than j. the emitter region is required to be at a high field by (3.3.4).
This apparent “conflict” can be resolved by the dynamic generation of a new charge
depletion front at the emitter. A converse argument applies for the generation of
an accumulation front. The preliminary rules for the front generation can therefore
be summarized by

GI Generate accumulation front at emitter, if |j| < |j.| and if the leftmost front
is a depletion front.

GII Generate depletion front at emitter, if |j| > |j.| and if the leftmost front is an
accumulation front.

In Fig. 3.15 we checked numerically that the approximations leading to rules GI,
GII are justified, by examining the front generation for different values of j and
o. We see that the conditions for depletion front generation can be accurately
predicted by GII. In the case of the generation of accumulation fronts, GI can only
be checked for currents |j| < |73, (Fig. 3.5), since otherwise the newly generated
front has zero or negative velocity and will not detach from the emitter.
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Figure 3.16: Electron density and electric field profiles for superlattice B with o =
1Q7'm~! at different points in time for the first 40 wells. For 0 <
t < 40 ps the emitter is in the low field domain, i.e. the leftmost front
(not plotted) is an accumulation front and [j| > [j.|. A depletion front
starts to form at the emitter (blue squares). At ¢t = 40 ps the external
current is switched to |j| < |j.| and the depletion front retracts to the
emitter and the front generation is not successful.

Rules GI, GII only apply if the leftmost front is already fully detached from
the emitter. Otherwise the newly generated front can annihilate a nearby front of
opposite polarity. This may occur in the common scenario of a dipole injection as
shown in Fig. 3.16. Here for ¢t < 40 ps the conditions of rule GII are fulfilled, and a
depletion front starts to form. But before the depletion front is fully developed, we
switch the external current, such that GI applies. We see that in this case the half
formed depletion front retracts to the emitter contact. This is in contrast to the
scenario in Fig. 3.17, where the switching to the conditions of GI occurs at t = 60 ps.
By that time, the depletion front has reached a critical size, which allows it to be
detached from the emitter. Together with the subsequently generated accumulation
front, a dipole is generated.

The rule GI for the generation of an accumulation front should therefore be
modified, to require that the leftmost depletion front is at least p, ~ 2d away from
the emitter and a similar parameter p; should be introduced into GII. The revised

2F is not exactly equal to Fh(j), since for ¢ > 0 we have ny > Np. Therefore j;_o does not
obey the homogeneous characteristic and its high field intersection point with the external
current j will be between F”. and F"(j).
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Figure 3.17: Same scenario as in Fig. 3.16, but j is switched at ¢ = 60 ps. A dipole,
consisting of a leading depletion front and a trailing accumulation front
is successfully injected at the emitter.

rules for front generation at the emitter then read:

GI' Generate accumulation front at emitter, if |j| < |j.| and of the leftmost front
is a depletion front which is at least at position pj.

GII'" Generate depletion front at emitter, if |j| > |j.| and if the leftmost front is an
accumulation front which is at least at position p;.

We may now reexamine the scenario in Fig. 3.1(b). At ¢ = 157ns we have a
dipole configuration with a leading depletion and a trailing accumulation front.
The current is therefore j = j;. At ¢ = 160ns the depletion front reaches the
collector, i.e. Ny = 0. Then (3.2.2) requires that the velocity of the remaining
accumulation front drops to zero, and at the same time the current rises sharply
due to Fig. 3.13. Eventually we have |j| > |j.| = 2.6 A/mm® and a depletion front
is injected at the emitter by GII'. After that j starts to drop towards jg4, but as
soon as |j| < |j¢|, and the depletion front has traveled by pj, the conditions for GI’
are fulfilled, and a new accumulation front is injected at the emitter at ¢ = 161 ns.
All in all we see that the system responds to the event that the first depletion
front hits the collector, by the generation of a dipole with a leading depletion and
trailing accumulation front at the emitter. For the resulting tripole configuration,
the current jio1) is required (see Fig. 3.13). Since |j,1)| < |jc| and the leftmost
front is an accumulation front, no new fronts will be generated (see GI',GII'), and a
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Figure 3.18: Electron density and electric field profiles for a collision and annihila-
tion process of a fast depletion front with a slow accumulation front.
Parameters: 0 =1 Q7 'm™!; j = =3 A/mm?

current plateau with j = j(2,1) is maintained until the rightmost accumulation front
hits the collector at t = 163 ns. The current then drops to jg, but no new front is
generated at the emitter, until the cycle starts over again with the next depletion
front reaching the collector at ¢ = 170 ns.

3.3.2 Front Collisions

From the current velocity characteristic Fig. 3.13 and from (3.2.2) we conclude that
the accumulation and depletion fronts may move at different velocities. This opens
up the possibility for a collision of two fronts with opposite polarity, and may lead
to interesting scenarios. Such a collision is shown in Fig. 3.18. We see that both
fronts annihilate each other, as can be expected from the fact that @, = —Qq.

A basic example, where the collision of opposite fronts plays a role, is shown in
Fig. 3.19. This scenario resembles Fig. 3.1(b), since it also exhibits a tripole con-
figuration with two accumulation and one depletion fronts with the corresponding
current plateau j = j(,1) (see Fig. 3.13). But now the fast depletion front catches up
with the rightmost accumulation front before it reaches the collector, and those two
fronts annihilate. The remaining accumulation front now triggers the generation of
a dipole at the emitter, as explained in the previous subsection for Fig. 3.1(b). At
any time we have an odd number of fronts present in the system, which explains,
why the current does not reach jy.
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Figure 3.19: Front evolution as in Fig. 3.1, but for U =6V and 0 = 1.3Q 'm~1.

3.3.3 Front Annihilation at the Collector

A further rather unspectacular elementary process is a front reaching the collector.
Such a front gets absorbed in the contact and vanishes from the system, thereby
reducing N, or Ny by one.

This concludes the set of elementary front processes, and we will see in the next
chapter, how they can be deployed to describe a large part of the dynamical bi-
furcation scenarios found in superlattices. We stress however that here we only
considered fully developed fronts and new interesting scenarios are expected, if we
also take into account partly developed fronts. Since such fronts are not individu-
ally stable, and often occur in combination with other fronts, an analysis of such
phenomena is rather complicated, and more likely to be specific for one particular
set of parameters.

36



4 Chaotic Front Dynamics

Simplification good!
Oversimplification bad!

(Larry Wall)

In Chapter 3 we have studied the basic building blocks for the front dynamics in
one spatial dimension. In this chapter we will examine how those elements can be
combined to yield interesting bifurcation scenarios, including chaos. While chaotic-
ity in periodically driven superlattices has been extensively studied theoretically
(74, 75, 76, 77, 78] and experimentally [79, 80] we will concentrate on the ques-
tion, how chaotic behavior can be obtained under fixed external voltage conditions
81, 23].

For a fundamental understanding of the underlying bifurcations we will introduce
the front model, which retains the basic bifurcation structure, but is much easier to
handle numerically and analytically.

4.1 Bifurcation Scenarios of the Microscopic Model

We consider an N = 100 period superlattice of type B (cf. Table 2.2 on page 12),
and use the external voltage U and the contact conductivity o as the bifurcation
parameters. From the discussion in Sec. 3.3.1 we learned that o governs the injection
of fronts at the emitter contact via the critical current j.(o) (Fig. 3.15). Since the
resulting bifurcation scenarios are complicated, we will first study the particular
case of 0 = 0.5 (Q2m)~!, and later consider the necessary modifications for general
0.

4.1.1 The Case o = 0.5 (Qm)!

For o = 0.5(Qm)~! we have [ja2)| < |jc(0)] < |ja| (c.f Fig. 3.13). If we vary
the applied voltage U, we typically observe front patterns as in Fig. 4.1,which are
reminiscent of the chaotic front dynamics in the Gunn-diode [82]. For a small voltage
(U = 0.50 V) we observe that the fronts are generated as dipoles at the emitter, with
a leading accumulation and a trailing depletion front. The leading accumulation
front catches up with the depletion front of the preceding dipole, and the two fronts
merge and annihilate at exactly the same position in each cycle. This scenario
corresponds to the one in Fig. 3.19, with the role of the accumulation and depletion
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Figure 4.1: Dynamic evolution of the charge density for various voltages at o =
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4.1 Bifurcation Scenarios of the Microscopic Model

fronts reversed. With increasing U, we observe what appears to be a period doubling
cascade, with two (U = 0.70V in Fig. 4.1) and four (U = 0.82V) alternating
positions where the front annihilation occurs. A further increase in the voltage yields
irregular behavior (U = 0.90V, 1.00V, 1.20V) interrupted by periodic windows
(U = 1.05V). For even higher voltages, the fronts may occasionally reach the
collector, but even then the interchange between chaotic (U = 1.80 V) and periodic
(U = 2.00V) regimes persists.

The chaotic behavior can also be observed in the experimentally accessible current
trace, as demonstrated in Fig. 4.2. Here we observe a further interesting feature,
namely that not all fronts are fully developed. One example can be seen at ¢ = 155 ns
in the electron density plot of Fig. 4.2 (see also the case U = 1.2V in Fig. 4.1). Here
an accumulation front seems to detach from the emitter, but instead of catching
up with the leading depletion front, it merges with a new depletion front from
the emitter, before either of the fronts can be considered as fully developed. Such
compositions of partly developed fronts can not be described in the framework
of single stable fronts, which was developed in Chapter 3. In particular they do
not obey the current velocity characteristic of Fig. 3.13. Such composite front
phenomena, resemble the excitons in solid state physics, since they often appear
in pairs without net charge, and form a bound state with limited life time. Their
dynamics may be treated by a yet to be developed correlated front theory, which
is however beyond the scope of the present work. In the following we will refer to
this kind of phenomena as ezcitonic fronts. Similar effects also appear for pulses in
excitable media [83].

The difference between periodic and chaotic behavior is also illustrated by the
phase portraits as shown in Fig. 4.3, which show the system trajectory in the phase
space projected onto the subspace defined by nig and ny. In Fig. 4.3(a) the tra-
jectory in the phase space is complicated, but still periodic, while in the chaotic
regime in Fig. 4.3(b) the trajectory is aperiodic.

The full bifurcation scenario is shown in Fig. 4.4(a), where for each voltage U
the set of front annihilation positions {p.} is plotted. Here we may interpret a
discrete set of p.’s for a given voltage as an indication for periodic behavior (for
instance the four points at U = 0.82 'V, which correspond to a period four orbit),
while a continuous set of collision points is an indication of chaotic behavior (cf.
U=0.90V).

Starting from low voltages, we observe a period doubling bifurcation with periods
1, 2 and 4 in the regions A, B, and C of Fig. 4.4(a), respectively. The following region
D contains two chaotic bands at its boundaries, which are separated by a period
six orbit. While the chaotic band at the left edge of region D is rather narrow, the
band at the right edge is comparatively broad. The most striking feature in region
D is the center of a crossing of at least three straight lines, which in the following
will be called a cobweb structure. In this case the cobweb is located in the chaotic
band at the right edge of region D. This chaotic band ends with the transition to
the period 4 behavior in region E. The following region F is again chaotic, and
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Figure 4.2: Electron density (upper panel), electric field (middle panel) and cur-
rent evolution (bottom panel) in the chaotic regime. Parameters as in
Fig. 4.1, but with U = 1.15V. The color code is explained in Fig. 3.1.
The black current trace in the bottom panel is the running average of
the raw current data (cyan line) over an interval of 0.5 ns.
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Figure 4.3: Phase portrait of the electron densities ngy vs. nyg for superlattice pa-

rameters as in Fig. 4.1 for time series from ¢ = 50...200ns. (a) periodic
behavior at U = 0.82V, (b) chaotic behavior at U = 1.15V.
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4.1 Bifurcation Scenarios of the Microscopic Model

is bounded by the larger period three region G. In regions A to G we observe a
number of continuous and almost straight lines, which exist across various regions,
even in the chaotic regimes. These lines also give rise to the cobweb structure with
its center in region D.

In the following voltage interval H in Fig. 4.4, we observe collisions close to the
emitter. They are the footprints of the annihilation of excitonic fronts, as discussed
before. Note however that the numerical method for collision detection only works
reliably for well numbers m > 5, which may limit our ability to detect excitonic
collisions which occur very close to the emitter. In region I fronts occasionally reach
the collector, and we observe a dynamics with seven distinct collision points. The
excitonic collisions are suppressed in this region, but they reappear in region J,
where we have fronts reaching the collector and excitonic collisions.

In principle, the position of collision p. is a real number, but in practice it is
difficult to determine p. with an error which is less than the width of the accumula-
tion front (cf. Fig. 3.18). To distinguish between chaotic and periodic behavior, we
may therefore consider a suitable Poincaré section of one of the continuous dynam-
ical system variables. This is shown in Fig. 4.4(b) for the time difference between
two consecutive maxima of the electron density in well 20, ny(¢). This bifurcation
shows the chaotic bands at the same locations as in Fig. 4.4(a) (note however the
different voltage scale). We observe that chaotic and periodic behavior alternate up
to a voltage of about U = 3.6V, which corresponds to the case where about half
of the superlattice is in the high field regime. For U > 3.6V, the chaoticity sud-
denly disappears. From Fig. 4.5 we see that the reason for this change is associated
with the transition from an operation mode, in which every third high field tongue
reaches the collector (U = 3.55V in Fig. 4.5) to a mode where only every second
high field tongue reaches the collector (U = 3.65V). For even higher voltages, no
collisions occur, and all fronts reach the collector (cf. U = 5.0V).

4.1.2 Varying o

Now that we have an idea of the bifurcations appearing for ¢ = 0.5 (Qm)~!, we
proceed to the case of general contact conductivity. As we have learned in Sec. 3.3.1,
the parameter o governs the injection of fronts at the emitter. From the analysis
of the case o = 0.5 (2m)~! we see that the excitonic regimes (regions H and J in
Fig. 4.4(a) complicate the analysis, and it would be nice if we could avoid them.
This is addressed by choosing a slightly lower contact conductivity o = 0.45 (Q2m) !,
which leads to a lower critical current density, such that the condition |79 <
lje(o)] < |je2,3)| holds. Furthermore, since the simplified models we will propose
below are most successful in the regimes where no fronts reach the collector, we
may also choose a longer superlattice. In Fig. 4.6 the bifurcation diagram for a
o =0.45(Qm)~! and N = 200 well superlattice is shown. We see that the regions
A to G show the same behavior as the corresponding regions in Fig. 4.4(a). However
the excitonic regions have disappeared, and instead we observe a period 6 regime
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Figure 4.4: (a) Positions where accumulation and depletion fronts annihilate vs volt-
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age at 0 = 0.5 Q7'm~'. The color scale indicates high (blue) and
low (white) numbers of annihilations at a given well. (b) Time differ-
ences between consecutive maxima of the electron density in well no.
20 (ng(t)) vs voltage at 0 = 0.5Q 'm~!. Time series of length 600 ns
have been used for each value of the voltage. The inset in (b) shows the
time differences for a larger voltage range. Source: [81, 23].
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Figure 4.5: Dynamic evolution of the charge densities (upper panels) and electric

fields (lower panels) for various voltages. Parameters are as in Fig. 4.1,
color code as in Fig. 3.1.
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Figure 4.6: Bifurcation diagram as in Fig. 4.4(a), but with N = 200 and o =
0.45 Q7 'm~!'. From [84]. Other parameters as superlattice B (Ta-
ble 2.2).

in region H. Region I shows chaotic behavior, except for a small period 7 band at
its center. Furthermore we find a second cobweb structure in region I, which shares
its horizontal line with the first cobweb in region D. The next region J has period
5. This is followed by a small chaotic region K, before the fronts start to reach the
collector in region L. Note how again straight continuous lines run through the whole
bifurcation diagram, and are then inflected as they reach the K region. The origins
of the rich bifurcation scenario apparent in Fig. 4.6, including the chaotic bands,
the cobweb structures and the sequence of the various periods will be explained by
analytical considerations in Chapter 5.

We have seen that a small variation in ¢ has already a nontrivial effect on the
bifurcation diagrams (Fig. 4.4 vs. Fig. 4.6). We may now ask, how the bifurcation
diagram changes, as we further vary the contact conductivity. Since the calculation
of the bifurcation diagrams is time consuming, we again use the short superlattice,
with N = 100 wells. An overview of the different bifurcation scenarios for varying
o is given in Fig. 4.7. We note that for ¢ = 0.4 (2m)~! the scenario resembles the
situation in regions A and B of Fig. 4.4, which corresponds to the periodic tripole
configurations as in the first two panels of Fig. 4.1. We find the well known cob-
web structure for o = 0.45,...,0.52 (Qm)~!, which however shifts to lower voltages
and lower well numbers as o increases. For 0 = 0.54 (2m)~!, the scenario seems
to have fundamentally changed. The cobweb has disappeared the collisions close
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to the emitter indicate the presence of excitonic fronts. Also the familiar period
three window has disappeared, and instead we find a large period four window, with
three collision points in the sample, and every fourth front reaching the collector.
A small increase to o = 0.55 (Q2m)~! again changes the bifurcation diagram com-
pletely. Fronts reach the collector already at voltages below 1V, and at the same
time front collisions take place close to the emitter. There are now only very few
continuous lines present, and the whole structure appears to be washed out. This
trend continues for o = 0.57 (2m)~!. The bifurcation diagram for o = 0.60 (Qm)~*
is missing in Fig. 4.7. The reason is that in this case no collisions within the sample
occur. We have j. =~ j4, which means that we are at the symmetry point, where
accumulation and depletion fronts have equal rights. At any time there are two
fronts in the sample, which move in parallel, until the leading front reaches the
collector and reappears at the emitter.

By further increasing o, we enter the regime, where the depletion fronts are faster
than the accumulation fronts. In this case it is numerically more difficult to de-
tect the position of the annihilation with high accuracy. Thus the lines in Fig. 4.7
for 0 > 0.65(Q2m)~! are in general broader than before. Nevertheless the cob-
web structure at o = 0.8 (Qm)~! is clearly visible, and also somewhat weaker for
o = 0.75(Qm)~!. These cobwebs resemble the cobweb found at ¢ = 0.45 (Qm) ™!
(Fig.4.6), but is flipped along the voltage axis. This is a consequence of the sym-
metry transformation, which we discuss below. Another interesting feature is the
reconnection of the period doubling bifurcation, which occurs at o = 0.7 (Qm)~*
and o = 0.65 (Qm)~!, and causes a distinct bubble like structure in the bifurcation
diagram.

It is now interesting to plot a “phase-diagram” of chaotic behavior in the (U, o)-
plane as shown in Fig. 4.8, which was obtained by considering the autocorrelation
function C(7) = (ngg(t)ngo(t + 7)), [23]. For periodic behavior C'(7) does not decay
even for large values of 7 > 20mns, while for chaotic behavior C(7) decays with a
correlation time less than 20ns. We note that chaotic behavior is only possible,
if we choose o such that [jq2)| < |je(0)| < |j2,1)]- Furthermore there exist two
larger disjoint regions which are very roughly “point symmetric” about a point at
(U ~35V,0 =~ 0.602'm™"). The origin of this “symmetry” is the approximate
invariance of the system under the simultaneous permutation of accumulation with
depletion fronts, and low field with high field domains.

4.1.3 Lyapunov Exponents

To further confirm the chaoticity, the largest Lyapunov exponent \ for U ~ 1.15V,
o~ 050 'm™!) (Fig. 4.2) was calculated for a long (¢ = 0...100 us) time series
of ngg(t) [23] using the Wolf algorithm [85]. The result A = 1.1 x 10%s7! is a clear
indication of chaos.
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Figure 4.8: Two parameter bifurcation diagram. Black squares: chaotic behavior;

green shading: periodic oscillations; white region: absence of oscilla-
tions. Source: [23].

4.2 The Front model

We are now in a position to approximate the microscopic dynamics of the elec-
tron densities n; by means of a simple front model, in which the positions of the
accumulation fronts a;...ay, and the depletion fronts d;...dy, and the overall
current j are the new dynamical variables. Here N, and N; denote the number of
accumulation and depletion fronts in the system. We will see that this step from
the microscopic description to a front description does not only greatly reduce the
dimensionality of the system, but also the number of physical parameters. The in-
troduction of front positions was already shown to be useful in Sect. 3.2 for the case
of the free motion of noninteracting fronts far away from the boundaries. We now
make the assumption that the essential dynamics of the system can be described
in terms of front positions, even if the fronts are close to each other or close to the
boundaries. Such a “dilute gas” approximation will obviously fail if the density of
fronts is large or if the typical time scale for interactions between fronts can not be
assumed to be small.

4.2.1 Elimination of the current density

Let us define by
L) = L) U (4.2.1)
TG = FG) T F) -

the partial length of the superlattice which is in the high field region. Here L =
Nd is the total length of the superlattice, and in the last step we have used the
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approximation F' ~ 0. From (3.1.7) and (3.0.3) it follows that L, imposes a global
constraint on the front positions by

Nd Na
Lu(j)=> di—> a; mod L. (4.2.2)
=1 =1

The expression mod L in (4.2.2) means that L has to be added if ay, > dy, such
that L, € [0,L]. We stress that due to our center-of-mass-like definition of the
front positions, (4.2.2) is exact, even for fronts with a finite width. In particular,
the discreteness of the superlattice does not play a role here.

Differentiating (4.2.1) and (4.2.2) with respect to t for U = const yields

oL, U 0F"oj

= = 4.2.
ot (Fh)? 05 ot (423)
and (using (3.1.8))
OLn _ Nqvg — Nyv (4.2.4)
ot — 4VdUd aVa, e

respectively. By combining (4.2.3) and (4.2.4) we obtain the evolution equation for
the current density,
9j

— = (Ngva(j) — Nava(7))

[F(j)]”
ot '

. (4.2.5)
o

From (4.2.5) it follows that the current will relax to a state, where (3.2.2) is fulfilled,
le.

Ud<j> Na
) _ D 4.2.6
wli) ~ N 20
From the denominator in (4.2.5) we note that this relaxation will be fast, if U and
oF™

So; are small. For example we may consider the relaxation towards the dipole

domain current density j4 with Ny = N, = 1. In linear approximation we have

Vasa(J) = Vasa(ja) + (J — Ja)Ojvasa(ja)- (4.2.7)

From (3.1.14) we obtain djuq = d/(eNp). From Fig. 3.13 we may further approxi-
mate (for this particular superlattice only) 0;v4(j.) =~ —0;v4. Using v,(ja) = va(ja)
we get for the first factor in (4.2.5),

2d

(Nqva(j) — Nava(j)) = (§ — Ja) (O5va(Ja) — Ojvalja)) = (5 — jd)E. (4.2.8)

Since this factor vanishes at j = j4, the leading contribution from the second factor
in (4.2.5) is in zeroth order of (j — jq). Using (4.2.1) we arrive at

10§ j—da2d F'Ga) _ j—jad 1
Ja Ot Ja  eNp Lp0;F"(jq) ja LnTen’

(4.2.9)
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with 7o &~ 1ps. Since L,/d < N, which is the number of wells in the high field
domain, we obtain typical relaxation times of less than 100 ps. During this time,
the fronts typically travel less than two wells, which justifies the simplification that
the current relaxation according to (4.2.9) is almost instantaneous. This means
that (4.2.6) is always immediately fulfilled. By formally inverting the left hand side
of (4.2.6) and taking into account the results of Sec 3.2 we arrive at the conclusion

that
N,
= —i(==), 4.2.10

which is a monotonically increasing function, since v4 (v,) is monotonically increas-
ing (decreasing). We can therefore replace the condition |j| < |j.| appearing in rule
GI’ on page 34 by an equivalent condition

N,
<, 4211
N <7 (42.11)

where the parameter r. is defined by j. = j(r.). A similar statement applies to rule
GII'. We have therefore managed to enslave the current density j to the fraction
N,/Ny. Note that in particular j; = j(1).

4.2.2 The rules for the front model

For the analysis of the bifurcation scenario, it is sufficient to consider the dynamics
in the Poincaré section which is defined by the hyperplane, where N, or N; change.
The absolute time between such events is not important, and we are therefore free
to rescale the velocities to our convenience. In the following we rescale time such
that v, + v4 = 2, which together with (4.2.6) gives the front velocities as

2Ny 2N,

= = Vs 42.12
Ve T N F N, YT NN, ( )

We require that the fronts evolve according to (4.2.12), until an event which
changes the number of fronts occurs. Such an event may be the generation of a new
front at the emitter according to the rules GI’ and GII’ as described in Sec. 3.3.1.
Furthermore two fronts can collide as described in Sec. 3.3.2, which will simply
eliminate the corresponding d; and a; from the system of variables and decrease N,
and N, accordingly by one. The third possibility is the annihilation of a front at
the collector as described in (Sec. 3.3.3). We may summarize the complete front
model by the following set of rules:

FI The positions of the accumulation fronts a; for ¢ = 1... N, and depletion
fronts d; for i = 1... Ny evolve according to a; = v, and d; = vy with the
velocities (4.2.12) until one of the following rules applies.
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FII If N,/Ny < r. and py, < d; < ay then increase N, by one, re-index a; — a;41
for all ¢ and set a; = 0 (injection of accumulation front).

FIIT If N,/Ny > r. and p; < a; < d; then increase Ny by one, re-index d; — d; 1
for all ¢ and set d; = 0 (injection of depletion front).

FIV If ay = dj for any 7', 5 then decrease N, and Ny by one, re-index a;11 — a;
for i > " and d; 41 — d; for j > j' (annihilation of front pair).

FV If an, > L decrease N, by one (accumulation front hits collector).

FVI If dy, > L decrease Ny by one (depletion front hits collector).

Here p;, and p; are the phenomenological distance parameters from GI’ and GII’ on
page 34, which suppress the front generation for d; < p, and a; < p;, respectively
86].

The only parameters appearing in the front model are r., p, and p;, which govern
the generation of new fronts at the emitter and L, which influences the annihilation
at the collector. The voltage parameter L; is connected to the voltage by (4.2.1),
and in principle also depends weakly on N,/Ny due to (4.2.10), but for simplicity
we consider Lj, to be constant. Then L, only enters in the initial condition for the
front positions (see Eq. (4.2.2)). These five parameters should be contrasted to the
large set of parameters of the microscopic model (Tables 2.1 and 2.2). However, in
particular p, and p; might be difficult to derive quantitatively from the microscopic
model, and should rather be regarded as fit parameters. Again p; and p; can in
principle depend on N, and Ny, but for simplicity we assume them to be constant.

The dynamical variables of the systems are the positions d; and a; of the fronts.
Due to the constraint given by (4.2.2), the number of degrees of freedom is then given
by f¢ = N, + Ny —1 and we have f? < Nmax 4 Nmax _ 1 — 2 — 2 which in general
is much smaller than N, the number of degrees of freedom of the full microscopic
model. It is however a peculiarity of this system that f? changes dynamically. To
avoid the mathematical complications that arise from the fact that the number of
dynamical system variables is not constant, we formally extend the arrays of front
positions to the maximal possible size, ai,...aymax and dy, . . .dNénax and consider
additionally N, and Ny as discrete system variables. The new additional front
positions ay,41 ... aymex and dy,41 .. .dN;nax do not appear in the front rules FI to
FVI on page 49 and we can just set them to zero for definiteness. By this formal
transformation we have now obtained a system with N*** 4+ NJ*** continuous and
two discrete variables!. This type of system therefore belongs to the mathematical
class of hybrid systems. Hybrid models are of fundamental interest in the field of
theoretical computer science, where they are used to describe the interaction of a
digital (i.e. discrete) computer with an analog environment [87].

1Since the product of two countable sets is also countable, we may as well replace the two discrete
variables by only one.
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r, n | Nmex | Nmax
0 1 0 1
(0, 1] 2 1 2
(3. 2] 3 2 3
(%, %] 4 3 4
(=221 n | n-l n
1 00 00 00
(-2, Z—:;) n n n-1
2,2) 31 3 2
2, 00) 2 2 1
00 1 1 0

Table 4.1: Maximum possible number of accumulation and depletion fronts and the
number of necessary tanks n (see Sec. 5.2) for various values of ..

Note that the rules of the front model are invariant under the simultaneous trans-
formation of

a; < d;, N, < Ny, Dh < i, (4.2.13)
TCH%, L, — L — Ly,
i.e. accumulation and depletion fronts are exchanged, r. is inverted, and the high
field and low field domains are exchanged ( L, — L — Lj,). This exact symmetry
can therefore explain the qualitative point symmetry found in Fig. 4.8, since the
transition 7. — 7! induces a corresponding transformation o (j(r.)) — f*(o(j(r.)))
with the fixed point o(jq) = f*(c(ja))-

In view of the symmetry of (4.2.13) we may restrict our analysis to the case
r. < 1. We furthermore set p; = 0 since the accumulation fronts are rather narrow
and should not suppress the generation of a trailing depletion front. In this case
rule FIII always applies, if the first front is an accumulation front, since in this case
N,/N4 > 1 and injects a new depletion front. On the other hand rule FII can only
apply if Ny = N, + 1. It does not apply as long as N, > r./(1 —r.) and N, can
then only decrease, since FII is the only process which generates new accumulation
fronts. Consequently r. imposes the following limits on the number of fronts:

Ne<n, N, < n-—1, (4.2.14)

where n is the largest integer less than 1/(1 — r.) + 1. The dependence of the
maximum front numbers N"** and NJ*** on r. is summarized in Table 4.1.

Once the conditions for FII are fulfilled and an accumulation front is injected,
it is immediately followed by the injection of a depletion front due to rule FIII.
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4 Chaotic Front Dynamics

Effectively we therefore inject a pair of fronts, i.e. a dipole, with a leading accumu-
lation and a trailing depletion front. In the language of field domains, this process
detaches a high field domain from the emitter and opens a new one.

In Table 4.1 we also list the parameter n, which is defined as

n = max [N"* NJ*] . (4.2.15)

Since n is invariant under the symmetry transformation (4.2.13), we propose that n
will be a suitable parameter for classifying different bifurcation behaviors. Indeed
we will see in Chapter 5 that n corresponds to the number of tanks, which are
necessary to describe a given dynamics.

4.2.3 The case n = 3

The numerical integration of the front model is facilitated by the fact that the evo-
lution of the front positions is piecewise linear due to FI with the velocities given in
(4.2.12). We can therefore calculate the times tgyy, . . ., tpyy, until the corresponding
conditions in FII...FIV would be fulfilled under the assumption that N, and Ny
would not change. The actual event is then determined by the minimum time tpy,
with X =II...VI. The fronts are then moved to the new positions a; = a; + tpxv,
and d; = d; + tpxvg, and the changes in the discrete variables N, and N, are
performed as prescribed by the respective rule FX.

The numerical solution of the front model for p; = 0, and N"* = 2 yields a
typical front pattern as in Fig. 4.9. We see that for small L; the front which is
closest to the collector, is always a depletion front. Since the fronts are generated
in pairs at the emitter, we have N; = N, + 1, and therefore v, > v4. That means
that the accumulation fronts can catch up and annihilate with the respectively
preceding depletion fronts. This is the same behavior as observed in Sec. 4.1 for the
microscopic model. In fact the front pattern at low Lj in Fig. 4.9 can be directly
related to the ones in Fig. 4.1. As a particular striking example compare the period
seven orbits at L, = 0.202 in Fig. 4.9 and at U = 0.98V in Fig. 4.1. As long as the
fronts do not reach the collector, the only relevant length scale for L, is the distance
parameter py,. In the microscopic model, this parameter corresponds to the minimal
distance between the first depletion front and the newly generated accumulation
front and will in general depend on the buildup time of the accumulation front and
other microscopic parameters in a complicated way.

In its present form the front model is not chaotic, which is in contrast to the full
microscopic model. Instead arbitrarily long stable periodic orbits are possible. We
will discuss in the following Chapter 5, how chaoticity can be introduced in a generic
way. At higher values of Ly, we find the characteristic “tongues” (L, = 0.595 in
Fig. 4.9), which also occur in the microscopic model (see U = 3.55V in Fig. 4.5),
but we did not succeed in finding the other patterns in Fig. 4.5. One reason, why
the front model does not describe well the high L, case becomes apparent, if we
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Figure 4.9: Front evolution in front model for n = 3, p; = 0, p, = 0.115, r. = 0.51,
L = 1 and various values of L,. Accumulation (depletion) fronts are
denoted by blue (red) lines. Lj corresponds to the voltage U in the
microscopic model (cf. Figs. 4.1, 4.5 ).
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Figure 4.10: Bifurcation diagrams for positions of front collision vs L; obtained
from the front model for n = 3 on two different scales. Parameters:
pr = 0.06, p, =0, r. =0.52, L = 1.0.

compare L, = 0.971 in Fig. 4.9 and U = 4.5V in Fig. 4.5, where fronts of opposite
polarity traverse the whole superlattice at only a very small distance to each other.
This is obviously not possible in the microscopic approach, since the fronts would
tend to annihilate. Thus the front model can still be improved in the high voltage
regime.

A further touchstone for the usefulness of the front model is given by its bifurca-
tion diagram as shown in Fig. 4.10. The prominent feature is again the cobweb-like
pattern at low voltages, which has a striking similarity with the corresponding pat-
terns in Fig. 4.4(a) and Fig. 4.6. In fact all regions from A to K of Fig. 4.6 can
also be identified in Fig. 4.9, only region K does not fit perfectly. In particular,
the vertical bands in Fig. 4.10(b) can be identified with the three chaotic bands
in the regions D and F of Fig. 4.6. However, since the front model, is not really
chaotic in this regime, they actually consist of ever finer subbands as shown in the
lower panel of Fig. 4.10. Apparently a period of more than seven different collision
points, appears chaotic in the microscopic model. Another feature of the original
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bifurcation scenario that is well reproduced by the front model is that the chaotic
behavior suddenly becomes periodic at about L, = 0.53. On the other hand, we
do not observe periodic windows for L, € [0.36,0.53] which were present in the
microscopic model.

The fact that the topology of the nontrivial pattern up to the large period three
window U = 1.1V in Fig. 4.4 can be reproduced by the simple rules of the front
model, is a hint that such a pattern might be even more generic, as we will see in
Chapter 5.

We could now proceed to extract the detailed features of the bifurcation diagram
by a thorough analysis of the algebraic properties of the front model. For example
the horizontal lower line appearing in Fig. 4.10 is caused by p,. If N, = 1 and
Ny = 2, we can inject a new accumulation front by FII as soon as d; has reached
pr. As argued before, this will entail as well the injection of a depletion front, and
we have the situation:

Na:2, Nd:3, ap :d1 =0 dg = Phn dg—ag :Lh_ph- (4216)

From (4.2.12) we get v, — vg = 2/5. If now additionally L, > 2py, it follows that
ds — ay > dy — ay and therefore the fronts d, and a; will be the first to annihilate.
If L, > 3/2py, then the fronts d3 and a will be the first to annihilate, but by that
time d; > P, and therefore a new dipole is immediately injected at the emitter.
This maintains the velocities of the original ds and a; and in both cases the collision
occurs at a position

P = po— = npy. (4.2.17)
Vg — U4
For n = 3 and p;, = 0.06 this yields the horizontal line in Fig. 4.10 at p** = 0.18.
A further analysis of the structure of the bifurcation diagram along these lines is
possible, but cumbersome. We will therefore in the next chapter introduce a model
which is better suited to an analytical approach.

4.2.4 Arbitrary n

In Fig. 4.11 the bifurcation diagrams of the front model for n = 4 and n = 5
are plotted. After the successful identification of many common features in the
bifurcation diagrams of the microscopic model and the front model for n = 3, we
would hope that at least some features from Fig. 4.11 also appear in one of the
panels of Fig. 4.7. However, this is apparently not the case. The reason for this
failure seems to be that with a large number of fronts, the approximation that
fronts can be considered as independent point-like “quasi-particles” breaks down.
In the language of statistical physics, the dilute gas approximation is no longer valid,
and we have to take into account three front interactions, and other complications.
We may speculate however that for very large superlattices with narrow fronts, a
bifurcation scenario as in Fig. 4.11 should arise.
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Figure 4.11: Bifurcation diagrams for positions of front collision vs L;, obtained from
the front model for (a) n =4 (r. = 0.67) and (b) n =5 (r. = 0.76).
Parameters: p, = 0.06, p; =0, L = 1.0.

It is nevertheless still interesting to scan the (Lj,7.) plane of the front model
for regions of long periods, since they correspond to chaotic regimes of the micro-
scopic model. By varying r. and L; simultaneously we obtain the two parameter
bifurcation diagram of Fig. 4.12. Note that the broad horizontal bands in Fig. 4.12
are due to the fact that the changes in r. within the intervals given by Table 4.1
do not affect the dynamics of the system. The basic structure of the bifurcation
diagram obeys the symmetry of (4.2.13) and conforms well with the corresponding
bifurcation diagram of the microscopic model in Fig. 4.8.
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4.2 The Front model

Figure 4.12: Two parameter bifurcation diagram for the front model. Dark region
corresponds to (Ly,r.) pairs with at least 10 different points of front
collisions. Parameters: L = 1.0; for r. < 1: p, = 0.06, p, = 0; for
re > 1: p, = 0, p = 0.06. In the microscopic superlattice model, L,
and r. correspond to U and o, respectively (cf. Fig.4.8).
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5 The Tank Model

In the previous Chapter 4 we have introduced a simple front model, which aston-
ishingly well reproduces many features of the complex microscopic model, at least
in the low and intermediate voltage regimes, when no fronts reach the collector.
We will now further simplify the front model in this regime and will finally arrive
at a tank model. Such models have been extensively studied in computer science
and applied mathematics, since they describe the dynamic of production processes
(88, 89]. Typically one obtains a “strange billiard” behavior [90, 91|, which means
that the system evolves piecewise linearly, and only changes its direction at the
boundary of a specific domain. The advantage of such an approach, is that these
type of models can often be treated analytically. As we will see, this simplification
allows us to relate the bifurcation scenario of the front system to the bifurcations
obtained in a simple low dimensional iterated map system. In the most simple
nontrivial case this map will be only one dimensional.

A connection between maps and single fronts has previously been studied in the
case of coupled map lattices [92] and for periodically driven systems [93]. In contrast
to those works, however, we are here concerned with the use of maps for a system
with interacting fronts [86].

5.1 Deduction from the Front Model

Let us now derive the tank model from the front model on page 49. The idea is
that instead of dealing with the position of accumulation and depletion fronts, we
restrict ourselves to the dynamics of the high field domains, which appear between
two fronts, or between the emitter and the first depletion front. Technically it is
again easier to start with the case p; = 0, but we will see that in principle, the tank
model even holds for general p;.

5.1.1 The Case p; =0

We again assume r. < 1 and for the moment p; = 0. Our first task is to derive a
condition, for which no fronts will reach the collector. We consider a situation where
Ng = N, + 1 <n, at the point in time where a dipole is injected at the emitter by
the rules FII and FIII of the front model (see page 49). We then have a; =0,d; =0
and dy < Ly, by (4.2.2). From (4.2.12) we see that v, —vg > 2/(2n—1) and therefore
the time until a; and ds collide will be ¢eollsion < [, (n —1/2). On the other hand we
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5 The Tank Model

position

Figure 5.1: High field domain variables x; derived from front positions a; (blue lines)
and d; (red lines). The orange shaded area denotes the high field domain.

have v, < 4/3 and therefore the time until a; reaches the collector is ¢t&2"i® > 3T, /4.
We may then conclude that no fronts reach the collector if ¢eollision < glransit =)
equivalently

Ly (n - —) < %L. (5.1.1)

For n = 3 and p, = 0, (5.1.1) states that for L, < 0.3L no fronts will reach the
collector, which is confirmed by our simulation of the front model (Fig. 4.10). For
the rest of this section we assume that (5.1.1) is fulfilled.

The essential step in the derivation of the tank model, is that we now choose the
lengths of the high field domains,

T = d17

xTr; = di—ai_l fOTiZQ...Nd,

as the new dynamical variables of the system (cf. Fig. 5.1). Here x; is special, since
it is the high field domain, which is connected to the emitter, and is therefore only
bounded by a depletion front. This is in contrast to all other high field domains
which are bounded by a depletion front from above and an accumulation front from
below. The introduction of the new variable x; reduces the number of continuous
system variables from 2n — 1 to n. We hereby lose the information on the position
of the high field domain within the superlattice. But the absolute front positions
do only occur in the rules FV and FVI of the front model, and they will not apply,
since we assumed that no domains will reach the collector. If p; = 0, the condition
N, = N; — 1 is always fulfilled and we need to keep track of only one discrete
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5.1 Deduction from the Front Model

variable V;. The global constraint (4.2.2) is translated to the new variables by

Ng
Ly = Zx (5.1.4)
=1

From the front velocities (4.2.12) we may obtain the shrinking and growing velocities
of the high field domains by

2N,—2 e
g o= 4707 2N, ifs =1, (5.1.5)
Vg — Vg = _W{l else.
= —pH4 N, (5.1.6)
with )
= A= Nyu. 5.1.7
12 ON, — 1 di ( )

The conditions for rule FII are expressed in terms of the new variables, by requiring
that Ny < n and z1 < pp,. As usual FIII follows FII, and this combination detaches
a high field domain from the emitter and creates a new one. The conditions for the
collision rule FIV is rephrased by requiring that one of the z; becomes zero.

We can then summarize this model by the following set of rules:

TI The high field lengths z; evolve according to (5.1.5) until one of the following
rules applies.

TII If Ny < n and x; > p; then increase Ny by one, re-index z; — z;, for all ¢
and set z; = 0.

TIIT If z;; = 0 then decrease Ny by one, re-index ;1 — x; for all ¢ > 7.

In the following we will refer to the rules TI-TIII together with the initial con-
dition (5.1.4) as the tank model. The reason for this name will become obvious
in Sec. 5.2. The tank model has n continuous dynamical variables z;,2 = 1...n
and one discrete dynamical variable N4. Like the front model (see page 49) it is
therefore a hybrid model. It furthermore depends on one discrete parameter n, and
the two continuous parameters p, and Ly,.

5.1.2 The Case p; > 0

The above derivation of the tank model was restricted to the special case p;, =
0. This restriction is not necessary for the derivation of the tank model, and we
now show that for general p; the rules TI-TIII are still valid without modification,
although the condition (5.1.1) and the definition of the time axis has to be adapted.

For p; > 0 the front model rule FIII does not follow immediately FII, but the
injection of the depletion front is delayed, until a; > p; is fulfilled. During this time

61



5 The Tank Model

11 |2 | 2]
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L M

Figure 5.2: Scheme of an n-tank switched arrival system with minimal filling height
pr. The server filling rate is A, the draining rate of all tanks is —pu.

we have N, = Ny and hence v, = vy = 1, which means that no collisions occur,
and all front positions are just increased by p;. Equivalently, instead of adding the
constant p; to every front position, one can also reduce the effective lattice length L
by the amount p; each time a new accumulation front is injected. During the transit
of an accumulation front to the emitter, this may happen at most L/(p, + p;) + 1
times, since two accumulation fronts are at least separated by a distance p; + pp.
Therefore the condition (5.1.1) that no fronts reach the collector has to be modified
for the case p; # 0 to read

1 3 Pn
L ——)<-=|L — . 5.1.8
" (n 2) 4 ( P+ pl) ( )

Furthermore during the time between FII and FIII, all high field fronts are
bounded by an accumulation and a depletion front and #; = 0 for all <. The net
effect of a non vanishing p; is then to increase the time variable by the amount p;,
each time a high field front is disconnected from the emitter, but otherwise follow
the rules TI-TIII. This effect will obviously not influence the dynamic bifurcation
scenario, and can be eliminated completely by a suitable redefinition of the time
axis.

5.2 Connection to Water Tanks

Let us now justify the use of the term tank model for the model described by
the rules TI-TIII, by showing that surprisingly the same set of rules describes a
completely different system. Consider a system of n water tanks as in Fig. 5.2.
Here a switching server fills one of the tanks with a filling rate A, and at the same
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5.3 The Poincaré Map

time all N; nonempty tanks drain at a rate —u. To keep the total amount of water
at a constant value L, we require A = 41N4. The server switches to one of the n— Ny
empty tanks only under the condition that the tank which it is currently filling has
already reached the minimum filling height p,. This model is equivalent to what
we formulated by the rules TI-TIII and the initial condition (5.1.4). The variables
x; of the high field domains are up to some trivial re-indexing the filling heights
of the water tanks. The high field domain z; at the emitter is interpreted as the
tank connected to the server, while the other nonempty tanks represent detached
high field domains inside the superlattice. A switching of the server corresponds to
the detaching of the old high field domain at the emitter, and the generation of a
new one by TII. The rule that the server should not switch if the currently filled
tank has a filling height less than pj, obviously agrees with the requirement of TII
that a high field domain may only be detached from the emitter, if it has a certain
minimal length py. The constant amount of water corresponds to the constant total
length of the high field regime Lj.

Variants of such models are well studied in the context of production processes
[89]. For example in [91] a model with a mazimum filling height was considered. In
computer science similar models are relevant for the description of queuing systems
[94], where the server can for example represent a CPU, and the tanks are the differ-
ent tasks, which should be served by the CPU. Even the requirement of a minimal
filling height makes sense in this context, since in a multitasking computer system,
the switching of the task involves a certain overhead, which forbids arbitrarily fast
task switching.

5.3 The Poincaré Map

A natural way to proceed is to consider a suitable Poincaré section. Since all tanks
with the exception of tank #1, which is connected to the server, are equivalent, we
now adopt the sorting convention that x; > x;,; for ¢ > 2. Thus the dynamics of
the system is confined to an n — 1 dimensional simplex of the form

A'={xeRYD zj=LyAx1 > 0Az > ... >z, >0} (5.3.1)

J=1

As a suitable hyperplane for the Poincaré section we consider the n—2 dimensional
simplex
B" ={x € A"z1 > pp Nz, =0}, (5.3.2)
which precisely contains the set of points, for which the conditions of rule TII are
fulfilled. A sketch of A™ and B™ for the case n = 3 is shown in Fig. 5.3.
Let us assume that at a certain time ¢,, we have x(t¢,,) € B". We now look for a

Poincaré map
P": B"— B", x(tm)— X(tmi1), (5.3.3)
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5 The Tank Model

Figure 5.3: Sketch of the simplex A? (5.3.1) and the Poincaré section B? (5.3.2) for
n=3.

which relates x(t,,) to the point x(t,,41) of the next visit of the simplex B". For
n = 2 the simplex B? is reduced to a point B2 = {(L,0)}, which by P? is simply
mapped onto itself. The dynamics is therefore trivially periodic. In the following
we assume n > 3.

The application of rule TII at ¢, triggers the generation of a new high field domain
at the emitter, or in the language of water tanks, the switching of the server to a
new tank. This is achieved by a relabeling of the tank indices such that old x; is
enqueued among the x5 ...x, 1 and the new x; is set to zero. Explicitly we write

x(th) = M™x(t,,), (5.3.4)

where ¢} denotes the time just after the application of TII. The matrix M ™ takes
care of the ordering of the filling heights and is given by

5jo,j fOI‘ j = 1,

M™ = 5 for2<j < jo, (5.3.5)
dip1; for j > jo,
with .ij,l(tm) Z .T1<tm) Z o (tm) (536)

In particular we note that

r(th) = 0,

xn(t;) = min (l'n—l(tm)axl(tm))7
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5.3 The Poincaré Map

and therefore x(¢;) ¢ B". This guarantees that t,,41 > t,.
We first consider the case with (n— 1)z, (t}) > pp, which by (5.3.8) is equivalent
to

(n— Dxp_1(tm) > ph. (5.3.9)

Then the tank #1 receives water from the n — 1 other tanks, and will have reached
the filling height p, before tank #n is empty. Therefore the time ¢,,.1, at which
x(t) visits B™ is given by

xn(th)

tng1 = by + — (5.3.10)
i
For t € [t} ,t,,,1] there are no empty tanks, i.e Ny(t) = n, and we may write
explicitly
(n—1Dax,(t}) fori=1,
Ti(tmy1) =  xi(th) —x, () fori=2...n—1, (5.3.11)

0 for i = n.

In the case that (5.3.9) is not fulfilled, the last tank is empty before the first tank
has reached its minimal switching height p,. The switching time ¢,,,; is therefore
determined by the condition z(t,,+1) = pn. For the construction of the Poincaré
map, we need to know the number of nonempty tanks Ny at the time oy just
before we visit B". A little thought shows that this is given by

Ny = Ny(t,, 1) = max {k: eN i o (th) + (b — Dag(t)) > ph} (5.3.12)

i=k+1

niffi(tm) + (k= Dap—1(tm) > ph} . (5.3.13)

:max{/{:GN

Using the definition

= 327y, @ (tn)

Az, = i=Na T (5.3.14)
Nyg—1
we find
bos =t 4 2% (5.3.15)
i
and finally
Dh fori =1,
Ti(tmi1) = zi(th) — Az, fori=2...Ng, (5.3.16)
0 for i > N.

Collecting the pieces together, (5.3.11), (5.3.16) and (5.3.4) define the Poincaré
map P" of (5.3.3) for general n. In the following we will explicitly examine the
cases P3 and P*.
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5 The Tank Model

In the limiting case of p;, = 0 no tank has to wait for filling. We obtain a switched
arrival system [88] and the Poincaré map can be written explicitly as

n—1
TII -1
X(tmy1) = M x(ty) + min [z1 (), Tro1(tm)] _ . (5.3.17)
-1
As shown in [90] this system is chaotic for all n > 2 and has a constant invariant
probability measure.

5.4 Bifurcation Analysis for n = 3

In the case n = 3, the Poincaré section B? in (5.3.2) is one-dimensional, and we
have for x € B? the conditions x3 = 0, 1 € [pp, L] and 2o = L, — z; (cf. Fig. 5.3).
Thus we may parametrize B® by the coordinate 1, and the Poincaré map is fully
determined by a one-dimensional map

P2 [pn, L] = [pn, L), 21(tm) — 21 (tmsr), (5.4.1)

which we will now determine explicitly.
Following (5.3.4) we find

vi(th) = 0 (5.4.2)
2o(th) = max[zy(tyn), v2(ty)] = max [z1(tm), Ln — z1(tm)] (5.4.3)
z3(th) = min[z,(tn), Ln — z1(tn)] (5.4.4)
and condition (5.3.9) can be written as
2(Lp — x1(tm)) > D (5.4.5)
In the case that (5.4.5) is fulfilled we have from (5.3.11)
21 (tmy1) = 2min [z (), Ln — 21 (tm)], (5.4.6)

and otherwise 1 (t,,11) = ph.
Thus we may summarize the resulting Poincaré map in the case n = 3 by

P*:pp, L) = [pn, L] (5.4.7)
211 for z1 € [ph, %Lh)
Pi(z,) = 2L, — 2x; for z; € [%Lh, L, — %ph) (5.4.8)
Ph for ¥, € [Lh - %ph, Lh]
= max{(Ly — |Ly — 2m1]) , pn} - (5.4.9)

The graph of this map is schematically drawn in Fig. 5.4(a) and for various values
of Lj, in Fig. 5.4(b).
The dynamics of the iterated map (5.4.8) depends on the two positive! parameters

!Similar maps with negative p;, have been considered in [95].
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Figure 5.4: (a) Schematic graph of the one-dimensional Poincaré map P? for the
n = 3 tank model according to Eq. (5.4.8). In the shaded region the
map is not defined. (b) Graph of P3 for p, = 1 and various values of
Ly,.

pn and Lj. The numerically calculated bifurcation diagram of P3(x;) for fixed py,
and increasing L;, is shown in Fig. 5.5. We see that we recover a bifurcation structure
which is very similar to the front model at low L;, (cf. Fig. 4.10). At any point
with the same Lj/p, both bifurcation diagrams show the same periodicity. This
is not surprising, since the only necessary condition in the derivation of the tank
model was that no fronts should reach the collector [see (5.1.1)]. The nature of the
bifurcations was not affected. However, the meaning of the variables has changed.
While in Fig. 4.10 the positions of the collisions is plotted, Fig. 5.5 shows the size
of the high field domain, when it is detached from the emitter. The information
about the position of the collisions was lost in the derivation of the tank model,
when the number of system variables was reduced from 2n — 1 to n.

5.4.1 Connection with the Flat-Topped map

One-dimensional iterated maps are usually defined on the unit interval [0, 1]. This
requirement may be met by an expansion of the domain of P3 to [0, L] followed by
a rescaling of all lengths in units of Lj:

P3(x1) = L,P%, (ﬂ) , (5.4.10)
L, \ Ly
2x for x € [O, %),
Piz) = {2-2z forze [1.1-12), (5.4.11)
2 for z € [1—342,1]
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5 The Tank Model

Figure 5.5: Bifurcation diagram of the Poincaré map P? according to (5.4.8) for
fixed p, = 1 and varying Lj. Starting from a random z9 € [py, Ly] we
calculate at each Lj, the ith iteration 2t = P3(2{"). The plotted points
are 239 ... 23, The blue and orange lines denote the left and right

boundaries of the flat region of P3, respectively.

o . 1 Y . 1

Figure 5.6: Graphs of (a) P? according to Eq. (5.4.11) and (b) fx(z) according to
Eq. (5.4.12).
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5.4 Bifurcation Analysis for n = 3

The flat segment of the map Pj(x) is located at the right edge of its domain in
the interval I” = [1 — 2/2,1] [cf. Fig. 5.6(a)]. In the mathematical and physical
literature, however, a slightly different class of flat-topped or trapezoidal maps of the
form [see Fig. 5.6(b)]

fulx) =min [l — |22 — 1|, A] for A € [0, 1] (5.4.12)

has been studied extensively [96, 97, 98]. The bifurcation diagram for this map is
shown in Fig. 5.7(a). Here the flat segment is at the maximum of the map in the

interval
1 1—-X1 1-=2)\
IF=\/2,1-)/2]= |= = - . 4.1
y=[M/2, =553t (5.4.13)

The boundaries of I] are indicated by colored lines in Fig. 5.7(a).
We observe that by choosing

4
A=1-2"=1-1" 5.4.14
2 2L, ( )

the flat segment of f, is exactly the preimage of the flat segment of pj, ie.

z

1{:<Pﬂ L. (5.4.15)
Consider now the two trajectories z', 22,23, ... and y', 42, y3,... of some initial
point 20 = ¢° ¢ I” with ' = P3(z*1) and y* = fu(y*'). Let m be the first
index, such that z™ € I”. From (5.4.15) we conclude that the first index n for
which 2" € [ )J: , is given by n = m — 1. Therefore the two trajectories y* and z°
are identical for ¢ < m. Since y™ ! € I{ we have y™ = \ and, using (5.4.14) we
find y™*! =2 — 2\ = z = ™!, This means that the trajectories x!, 2%, 23, ... and
vyt y?, y3, ... only differ at indices m with z™ € IT| where we have y™ = \. Apart
from this difference, all other properties of the two trajectories such as periodicity
or stability are identical. Hence we may restrict ourselves to the consideration of
the unimodal map fy, which completely reproduces the bifurcation scenario of P3.
This equivalence can also be seen directly from the bifurcation diagram of P3
in Fig. 5.5. For any L;, there is only one point in the interval between the blue
and the orange line. If we map this point to the blue line, we obtain exactly the
appropriately scaled bifurcation diagram of fy in Fig. 5.7(b).

5.4.2 The Tent-Map Case )\ =1

For A =1 [i.e. Ly — oo according to Eq. (5.4.14)], the function f;(z) in Eq. (5.4.11)
reduces to the well known tent-map

filz) =1— 2z —1]. (5.4.16)
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Figure 5.7: Bifurcation diagrams of the flat topped map fy(x) [cf. Eq. (5.4.12) and
Fig. 5.6(b)]. The red and green lines show the left and right boundaries
of I (5.4.13). Note that the left and right panels only differ in the axes

scaling.
1 -l . | | . L
5
0.8- H=1
L i 2
l<4)
—~ 0.6  p
X .
= IV \
== 0.4,
0.2 / \
i B S T |v i v.
0 02 04 O. 0.8 1
X

Figure 5.8: Iterations of the tent-map fék) for various k according to Eq. (5.4.17),
and fixed points pl(k) and nl(k) according to Eq. (5.4.18).
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5.4 Bifurcation Analysis for n = 3

The tent-map is an archetype of a chaotic map [99] that can be treated analytically.
The results for this special case turn out to be useful in the discussion of the more
complicated case A < 1 (see Sec. 5.4.3).

The kth iterate of f;, which we denote by fl(k) has 2* branches and is given by

2l+1' [ [ 1+1
— for x

(k) _ k
() =1-2 ok o1 DT

}, 1=0...21"—1. (5.4.17)

The fixed points of fl(k), which are the points of period k, are explicitly given by

e T 5.4.18
w242 orl=0... — 1. (5.4.18)
nl =

2k 1

The slopes of f1( (x) at the fixed points are given by 0, f1 (p(’l‘C ) =2%and 9, f1 (n(’l‘C )=
—2%. Thus all fixed points are unstable, which means that the tent map f1 has no
stable periodic orbits. The dynamics is chaotic [100] and has a constant invariant
measure®. Furthermore it follows that

®(2)>2 forwep® n®] 1=0. 2211 (5.4.19)

In Fig. 5.8 the iterates f1 , and the fixed points pl(4) and nl(4) for k = 4 are depicted.

It is worthwhile to note that the fixed points :pl(k) follow a remarkable pattern,
when written in binary notation. The variable [ in (5.4.18) can be written as a
binary number [ = %@, where () is a string consisting of k — 1 letters of 0 or 1
(we fill up with leading Os as necessary) and the % indicates a binary number. We
denote by Q the bitwise inverse of Q (i.e. %Q = 28 — %Q). A few lines of algebra

show that the fixed points in (5.4.18) are given in the binary number base by

i = ply = %0.Q0Q0QOQOQ ..
™ = nk = %0.Q1Q0Q1Q0Q) .

The appearance of the patterns in (5.4.20) is also directly explained by considering
the tent map (5.4.16) in binary notation [99],

forl =%Q=0...2"" 1.  (5.4.20)

%0.Y for X =0Y

- 5.4.21
%0.Y for X =1Y. ( )

F1(%0.X) = {

For fl(k) we then find

%0.Y  for X = Q0Y

N for %Q =0...2F1 -1 5.4.22
%Y for X =01y, € (5.4.22)

*)(9%0.X) = {

2Formally, there are infinitely many fixed points of the Perron Frobenius operator for fi, but
only the constant measure is natural, in the sense that it is stable against fluctuations (see
Exercise 7.5 in [99]).
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5 The Tank Model

and requiring X = Y or X = Y yields directly the patterns for p’é or n’é of
Eq. (5.4.18), respectively.

5.4.3 The Case )\ < 1

In order to finally explain the bifurcation scenarios in Fig. 5.5, we now want to
characterize the stable periodic trajectories of fy. In the following we will discuss
the trajectory of = = 1/2 given by

1
z\, 23,23, ... with 2§ = fy (z57!) and 2} = f» <§> (5.4.23)
From (5.4.13) we see that 2 = 1/2 € I{ and thus 2} = A\. Let & = k()\) be the
first index with % € I and let us assume that® k < co. Then z8*! = X and the
trajectory (5.4.23) has period k()). Since 9, f(x*) = 0 we find

oL (@) Y oA .
and the trajectory z1,... 2% is a stable period k()) orbit.

We now want to determine the function k(\). This can in principle be done,
by considering the iterates fA(] ), but this approach is analytically quite involved.

Instead, we make use of the known iterates fl(j ) of the tent map [see Eq. (5.4.17)].
Since f) differs from the tent map f; only in the interval I /J\C ,and o4 ¢ [ j\c for
1 <i < k, we may write

2= Y0, for1<i <k (5.4.25)

The condition 2% € I { for a stable period k orbit, can then be rephrased in term of
the tent map as fi(z%) > fi(z5) = \. Formally we may thus express k(\) as

k()\) = min {z e N[0 > /\} . (5.4.26)

This formula allows for a simple “graphical” interpretation with the help of Fig. 5.8.
To find k()), choose the point (A, A) on the diagonal, and find the smallest k, such
that fl(k) is above the diagonal. In this way, we may for instance find k(\) = 4 for
A€ [pé4), né4)]. In the following we will show that all intervals with fixed k are of
this form.

Let us now consider the trajectories of z under variation of X\. Applying the
chain rule to (5.4.25) yields

o',
O\
where Ng(i) = H]

_ (_1)NR(i) 2[(1—1) mod k:]’ (5427)

x§>%m§j§[(z’—1) modk]H, (5.4.28)

31t was shown in [96] that the set {\|k(\) — oo} has Lebesgue measure zero.
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5.4 Bifurcation Analysis for n = 3

and |-| denotes the cardinal number. Here Ng counts the number of minus signs that
are picked up by visiting the negative slope region of f;. The bifurcation parameter
A only enters implicitly in the right hand side of Eq. (5.4.27) via k(\). Let us for
example consider a A range, for which a minimal kqy exists, such that ky < k(\).
Then we have i ¢ I/ for i < ko, and Ng(i) in (5.4.28) will be constant across the
considered \ range. Thus z¢ for ¢ < ky will depend linearly on A by Eq. (5.4.27).
This naturally explains the appearance of the straight lines in Fig. 5.7(a) even
across complicated bifurcations. These straight lines are preserved under the axis
transformation leading to Fig. 5.7(b). We can now also explain the appearance of
the cobweb structures, for instance at A\, = 5/6 [cf. 1/z = 3 in Fig. 5.7(b)]. This
yields a trajectory with z§ = 2/3 for i > 2. Thus k()\.) formally diverges, and we
can find intervals around A. with arbitrary high ky. Therefore the points z% for
2 > k < ko will converge in straight lines to :L”}\ — 2/3 for A — A.. This explains
the typical cobweb structure, where bundeles of straight lines appear to converge
in a single point.

Due to (5.4.27), the point 2§ € [{ has the largest absolute slope with respect to
A of all points in the trajectory 2%, ..., z5. Bifurcations, i.e. a change in k(\), will
only appear, if either with increasing \ the point z§ leaves I { , or another point %
with ¢ < k enters [ jf . This latter case is not independent from the first one, since
for any A, there cannot exist simultaneously two distinct points z%, % in I /’\[ . Since

x5 moves continuously, it must leave [ { as 2 enters it. With the help of (5.4.26)

and (5.4.19) we infer that the bifurcation points are fixed points of fl(k), and that
the intervals with constant k() are of the form [see (5.4.20)]

15 = [ph:no) - (5.4.29)
with a suitable binary string @) of length k£ — 1. Suitable in this context means that

FfO0) <A forall xe If and i < k. (5.4.30)

The question is now, how to construct those suitable (). The following con-
struction is essentially analogous to the classical construction of the universal U-
sequences [101] and will finally result in Table 5.1, where all Qs up to period 7 are
listed. Here we have the advantage that in our case all intervals can be calculated
explicitly, and we can avoid symbolic dynamics in the derivation, but in hindsight
we see that symbolic arguments yield essentially the same results. We stress that
the U-sequence is different from the well known Sarkovskii ordering [102, 100], since
the latter is only a statement about the existence of periods, and not about their
stability. The U-sequence however predicts the exact sequence of all stable periods,
as one bifurcation parameter is changed.
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5 The Tank Model

# | k Q p’é n'é itinerary
1 [ 1] empty 0 0.10 empty
212 1 0.10 0.1100 R
3 |4 110 0.1100 0.11010010 RLR
4 | 8| 1101001 | 0.11010010 | 0.1101001100101100 | RLR3LR
5 16| 11010 0.110100 0.110101001010 RLR?
6 | 7| 110101 | 0.1101010 | 0.11010110010100 RLR*
715 1101 0.11010 0.1101100100 RLR?
8 | 7| 110110 | 0.1101100 | 0.11011010010010 | RLR2LR
9 13 11 0.110 0.111000 RL
10 | 6 | 11100 0.111000 0.111001000110 RL*RL
11| 7| 111001 | 0.1110010 | 0.11100110001100 | RL?RLR
1215 1110 0.11100 0.1110100010 RL*R
13 | 7| 111010 | 0.1110100 | 0.11101010001010 RL*R3?
14| 6| 11101 0.111010 0.111011000100 RL*R?
15| 7 | 111011 | 0.1110110 | 0.11101110001000 | RL2*R?L
16 | 4 111 0.1110 0.11110000 RIL?
17 7| 111100 | 0.1111000 | 0.11110010000110 RL3RL
1816 | 11110 0.111100 0.111101000010 RL*R
19 | 7| 111101 | 0.1111010 | 0.11110110000100 RL3R?
20| 5 1111 0.11110 0.1111100000 RL3
21| 7| 111110 | 0.1111100 | 0.11111010000010 RL'R
2216 | 11111 0.111110 0.111111000000 RL*

7

111111 | 0.1111110 0.11111110000000 RL?

[\]
w

Table 5.1: Intervals with constant period up to period 7 (with the exception of the
period 8 pattern in line 4).

5.4.4 Elementary Intervals

The most elementary strings (), which fulfill the condition (5.4.30) are simply of
the form

QF=1...1=11 (5.4.31)
k—1

b

where we have used a convenient exponential notation a’, i.e. a b-fold repetition of

the letter a. Then we have from (5.4.29),
I5e = [%0.157101%10 ..., %0.1%0" 1%0% . ], (5.4.32)

which means that any A € If, is of the form A = %0.1"X, with %0.X < A
Consequently, by

FON) =001X <\ forl1<i<k, (5.4.33)
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5.4 Bifurcation Analysis for n = 3

condition (5.4.30) is fulfilled. On the other hand fF(A) > X by construction
[cf. (5.4.19)] and thus for A € [gk, we have indeed a stable period k orbit. This
construction yields the lines #1, 2, 9, 16, 20, 22, 23 of Table 5.1.

5.4.5 Period Doubling Cascade

The next basic bifurcation scenario is the period doubling of any given suitable
pattern ;. Assume that (), fulfills (5.4.30) and consider the interval [5’2 with Q)
being the harmonic extension of )1 defined by

Q2 = H(Q1) = Q110 (5.4.34)

Then the boundaries of Ig; are of the form

P, = %0.Q200Q20Q:0 . .. = %0.Q11Q10Q110Q10Q;1Q,0 = nf , (5.4.35)
gy, = %0.Q:10Q50Q21Q50 . .. = %0.Q11Q11Q10Q,0Q11Q11Q10Q:0 . .. (5.4.36)

The interval Ié’; therefore connects consecutively to 1'51 from the right, with only
the boundary point in common.
We now want to show that I%’z fulfills the condition (5.4.30). Assume that Qs

would not fulfill (5.4.30), i.e. we can find a A € I3} and i < 2k, such that fl(i)()\i) >
Ai. Since fli)(ngl) < nf, we find by continuity Ao € I, with fl(i)()\f) = Ay. This

1(%), fl(gi), .... In particular, we may choose j = mu,

As is then also a fixed point of f
such that k£ < 7 < 2k, and will find a

N e Ib, with f7(\) > A and k < j < 2k. (5.4.37)
Since
W) =nk, € 1§, (5.4.38)
fl(k)<n2k2) = %0.Q10Q11Q; ... € Iy, (5.4.39)
we have
ARy c b, (5.4.40)

and in particular f®()\;) € I§ . By (5.4.37) we infer that fU=9(f®(X;)) > nf
but this is not possible, since it would contradict the assumption that ), fulfills
the condition (5.4.30). Thus @, must also fulfill the condition (5.4.30), and I3} is
a suitable interval. This argument can be repeated for Q3 = H(Qs3), etc. leading to
a classical period doubling cascade.

We can now apply the period doubling construction to all patterns Q* found in
Sec. 5.4.4. This yields the lines #2, 3, 4, 10 of Table 5.1.

The first period doubling starting with the empty string Q' = @, was also studied
by different methods in Ref. [98]. It was found that the Feigenbaum parameter ¢,
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5 The Tank Model

which is the ratio of two subsequent intervals in the period doubling cascade is not
constant but scales as
5(k) = 2", (5.4.41)

Since k itself obviously doubles at every period doubling, this yields an exponentially
fast convergence of the sequence of bifurcation points.

5.4.6 Intermediate Intervals

We now want to recursively construct the remaining @Js of Table 5.1. Assume that
we are given an ordered list of all intervals [, S’Z up to a certain period k. and let Q4

and Qg be two strings characterizing two neighboring intervals I g‘; and ]g’; with

n'g‘A < pgi (which implies that Qp # H(Q.)). Let us then consider the following
common substring (), given by

ng = %0.Q0X 4, (5.4.42)
P, = %0.Q1Xp. (5.4.43)

We then see immediately that p’é < pgi and n’é > ngﬁ . Thus the interval Ig is

between the intervals [, g’: and [ gf; , but since we assumed that we had started with
a complete list up to period k., it follows that & > k.., and @ is a suitable
string in the sense of (5.4.30). Applying this construction repeatedly to all pairs of
neighboring intervals, we can construct new lists with larger and larger k... This
finally yields all remaining lines in Table 5.1. With this construction we have thus
explicitly calculated the bifurcation points of the map f), and at the same time
solved the original bifurcation problem of P3. We know now the exact sequence of
periodic orbits as A, or in the case of P2, the parameter L; increases. Up to about

period seven this sequence can be readily confirmed by the microscopic model (cf.
Fig. 4.6).

5.4.7 Symbolic Dynamics

At this point we seize the opportunity and make contact to the subject of symbolic
dynamics, which since the classical work of Metropolis, Stein and Stein [101] has
developed into a powerful tool in the study of universal features in nonlinear systems
(99, 96, 103, 104].

Let us consider the trajectory z% of the tent map and write a string, M, =

X1 XoX5. .. with letters
L foraz'<1/2
X, = or ' <172, (5.4.44)
R forz' >1/2.

Instead of dealing with the explicit binary representation of A, one can now use
the itinerary M, instead, since it can be shown that there exists a one to one
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5.4 Bifurcation Analysis for n = 3

002h46
L /p,

Figure 5.9: Bifurcation diagram as in Fig. 5.5, but for the map (5.4.8) with a flat
region modified by a finite slope m = 0.001 (cf. Fig.5.6).

correspondence between the two representations [99]. The advantage of the itinerary
approach is that it is applicable to a large class of one dimensional maps, although
the construction of Table 5.1 is less explicit and intuitive [101]. Comparing the
itineraries in Table 5.1 with the Table in the appendix of Ref. [101], however shows
that both approaches are indeed equivalent.

5.4.8 Chaoticity

The maps P? and f\ we have considered in the previous sections show rich bifur-
cation scenarios, with infinitely long periods, which we can now explain sufficiently
well by means of the U-sequences. Nevertheless they are not truly chaotic. The rea-
son is obviously the flat segment, which will eventually be visited by the trajectory,
and will render any orbit stable. Such flat segments are however not physical, since
they would correspond to an exact projection of a continuous set of phase points
onto one single phase point. Since in the derivation of the tank model, a number of
approximations were made, it is more likely that the flat segment is not exactly flat,
but has at least a tiny slope 0 < m < 1. Since this finite slope however increases in
the iterated map as 2*m it will destabilize periodic orbits of period k(\) > log(1/m)
and result in chaotic behavior. As shown in Fig. 5.9, this leads to continuous bands
similar to the ones observed in the microscopic model (cf. Fig. 4.6) .
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5 The Tank Model

5.5 Bifurcation Analysis for n =4

In the case n = 4, the Poincaré simplex B in (5.3.2) is two-dimensional, and may
be conveniently parametrized by x; and x3 as follows:

B = {x € RYzy € [pn, L) Az € [0, (L, —21) /2] Axg = Ly — 23 — 39 A2y = 0}.

(5.5.1)
The corresponding region in the (z1,z3) plane is shown in Fig. 5.10(a). We may
now construct the associated two-dimensional Poincaré map,

B* — B
P4 . < l‘l(tm) ) < xl(tm—i—l) ) (552)
= .
3(tm) 23 (tm+1)
We first note that according to Eq. (5.3.13) the domain B assumes the following

partition with respect to Ny,

Dh

Nd =3 & Ig(tm) > 2L, — 25L’1<tm) — Dh (554)
Ny=2 else, (5.5.5)

which is indicated by the color scheme in Fig. 5.10(a). For Ny = 4 we have

21(tmy1) = 3min[zy(tn), 23(tm)]
23(tmt1) = [min[21(tn), Ln — 21(tm) — 23(tm)] — 23(tm)] -

The resulting three branches are marked by three different red colors in Fig. 5.10(a).
The ranges of these three branches partly overlap, as is indicated by the striped
regions in Fig. 5.10(b). In particular points with x; € (3pp, L) have in general
three preimages, one from each branch. In the case of Ny = 3, we find for P*:

T1(tms1) = Dpn (5.5.8)

= Be=2altm) g sy

23(tme1) = min [z (ty), Ly — 21(tn) — 23(tm 5

These two branches correspond to the two green colored regions in Fig. 5.10(a),
which are mapped to the green lines in Fig. 5.10(b). Finally for Ny = 2 the Poincaré
map P* reduces to

21 (tmi1) = Pa (5.5.10)
l‘g(tm_H) = 0. (5511)

This corresponds to the yellow region in Fig. 5.10(a), which is mapped to the yellow
dot in in Fig. 5.10(b). The Jacobian of (5.5.10) vanishes, and therefore any periodic
trajectory visiting the N; = 2 region will be stable.
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Figure 5.10: Graphical representation of the Poincare map P%. (a) The colored areas
define the domain B* of the Poincaré map P* (5.5.2) in the (z1,z3)
parametrization. The reddish areas indicate the domain of Ny = 4,
greenish colors indicate N; = 3 and the yellow color the N; = 2 regions
(cf. Eq. (5.3.13). (b) range of the colored regions from (a) under P*.
The colors in (b) correspond to the color of the preimages in (a). The
striped areas and striped lines, indicate regions with more than one

preimage. The yellow region in (a) is mapped to the yellow dot in (b)
at (pn,0).
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Figure 5.11: Bifurcation diagram of z; versus L; for the Poincaré map P4~ given by
(5.5.12). Red, green, and yellow dots fall into regions with Ny = 4, 3,
and 2, respectively (cf. Fig. 5.10).

Combining the three Egs. (5.5.6) (5.5.8) (5.5.10) we can express the Poincaré
map explicitly by

P*:B* - B x(tm) — xX(tmi1) (5.5.12)
21 (tmy1) = max {3min [ (t), 23(tm)] , Pr} (5.5.13)
23(tm+1) = max {O, 23(tm) — x1(tm), (5.5.14)

min 11(t). 1~ 21(t) = alt)] - (), 2= }

P* is obviously continuous, since max and min are continuous.

The bifurcation diagram for P* is shown in Fig. 5.11. Note that the bifurcation
scenario is now remarkably different from the n = 3 case (Fig. 5.5) but instead
resembles the corresponding diagram of the front model for n = 4 [see Fig. 4.11(a)].
In particular the cobweb structure is now less pronounced, than in the n = 3
case, and the large period three window is missing. The general theory for two
dimensional iterated maps of the type P* is considerably more involved than for the
one dimensional case. A systematic approach in the language of border collisions
was proposed in [105, 106] (for a practical application see also [107]). Since we
did not see a clear evidence for n = 4 behavior from the microscopic superlattice
model, we are not pursuing this path further, although this bifurcation scenario is
of fundamental interest for the tank model.
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6 Nonstationary External Voltage

So far we have only considered configurations with a fixed external voltage U.
However recent experimental [108, 109, 47, 110, 50] and theoretical [68, 111, 112, 49]
results show that qualitatively new features occur under nonstationary external
voltage conditions.

In this chapter we will first consider switching processes, where the external
voltage is increased instantaneously at a certain time ¢ = 0, and then proceed to
consider ramping processes, where the external voltage is continuously increased
over one or more discontinuities of the current voltage characteristic. Parts of those
theoretical considerations have been published in Refs. [68, 111] and were later
confirmed experimentally with astonishingly high accuracy by Rogozia et al. [110].

At the end of this chapter we will also briefly examine the behavior of a super-
lattice under an external voltage, which is the sum of an ac and dc voltage. Such
a configuration has been experimentally considered in the case of driven chaos [80]
and high frequency oscillations in a resonator [50], but here we are mainly interested
in theoretical predictions for the frequency dependent impedance of the superlattice
device.

For easier comparison with existing work, we now use a superlattice of type
A (cf. Table 2.2 on page 12), with N = 40 wells and a cross section of A =
14400 um?, at a temperature of T'= 5 K. These parameters are in accordance with
the experimental superlattice used in the switching and sweeping experiments in
Refs. [109, 47, 110] and were also used as the starting point for the theoretical
consideration in [68, 111, 112]. We use again simple Ohmic boundary currents at
the emitter and the collector (cf. Sec. 2.3). Reasonable agreement with the overall
shape of the experimental current—voltage characteristic is obtained by choosing the
contact conductivity o = 0.01 (Q2m)~".

From the homogeneous current density characteristic in Fig. 6.1(a) we note that
the critical current density j. is larger than the maximum current density j7 .. for
which stationary accumulation fronts occur (cf. velocity current characteristic in
Fig. 6.1(b)). Then according to (3.3.5) the low field domain at the emitter is sta-
ble, and the complete current-voltage characteristic exhibits the typical sawtooth
pattern of Fig. 6.2 [55, 56, 113, 114]. The upper and lower branches in Fig. 6.2
correspond to the up- and down-sweep of the external voltage, respectively. Each
upper branch can be continuously extended to a lower branch, by slowly decreasing
the voltage (violet lines in Fig. 6.2). Then each branch corresponds to a configu-
ration with a stationary electron accumulation front located at one particular well.
At the discontinuity points of a branch, the accumulation front moves to a different
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Figure 6.1: (a) Current density vs electric field characteristic between neutral wells
(black) and at the emitter, with various conductivities o for superlattice
A (Table 2.2). (F.,j.) denotes the intersection point of the two char-
acteristics. The shaded area between the current values j2. and j3. .
marks the regime of stationary accumulation fronts. (b) Corresponding
velocity current characteristic.

well, and thus the operating point jumps onto a new branch. For one value of the
external voltage, we find in general multiple stable solutions which are associated
with different branches and different currents. For the parameters of superlattice

A, we observe threefold (cf. U = 1.5V) and fourfold (cf. U = 1.8 V) multistability.

6.1 Switching

Let us first consider the situation, where the time-dependent external voltage is
given by a step function of the form

A for ¢ )
v =Y ort <0 (6.1.1)
U =U; + Ugep fort >0,

with the step size Ugep and the initial and final voltage U; and Uy, respectively. We
will use the terms up jump and down jump for the cases Usep > 0 and Ugep < 0,
respectively.

We start from an operating point at ¢ < 0, which is on the upper branch for
the fixed initial voltage U; = 1.5V, and apply voltage steps at ¢ = 0 of various
sizes. The initial and final operating points on the current voltage characteristic
are denoted by arrows in Fig. 6.2.

The most simple scenario occurs if Ugep is small enough, such that the initial
branch is still present at the final voltage Uy = U; + Usep, as for Ugep, = —0.2V
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Figure 6.2: Up sweep (red) and down sweep (blue) current-voltage characteristic
for a stationary superlattice of type A (parameters as in Table 2.2),
o = 0.01(2m)~!. The intermediate branches (violet) are obtained by
sweeping along each individual branch. The arrows denote the starting
and end points of various switching scenarios. For Ugep, > Ugig final
operating points are on the down-sweep branch.

current J[pA]

current density [A/mmz]

in Fig. 6.2. Then the system prefers to remain on the initial branch (unless we are
very close to a discontinuity point, as we will see later). Since the maximum of the
electron distribution remains at the same well, no major charge redistributions are
involved and only the position of the center of charge p, (see (3.1.7)) is shifted to
account for the changed voltage. Thus the current response in Fig. 6.3 shows an
almost instantaneous relaxation to the final current value, which is in agreement
with the experimental data of [110] as shown by the current trace A in Fig. 6.4(a).

6.1.1 Down Jumps

If the initial branch does not exist at the final voltage, the system is forced on a new
branch. However, due to the multistability of the system, it is not a priori clear,
which branch will be chosen. For a down jump with Uy, < 0 we observe the lower
branch at the final voltage is always preferred, independently of the size of Ugtep.
Consider for instance the case U; = 1.5V and Ugep, = —0.5 V. From Fig. 6.2 we see
that we will finally end up on the lowest stable branch for Uy = 1.0 V. The current
response for this case (violet line in Fig. 6.3) shows a sharp drop at the switching
time ¢t = 0, which is due to the instantaneous decrease of all electric fields by Ugtep/ L.
The current density then drops below j7. , and the accumulation front will move
in positive direction, towards the collector, as shown in the electron density plot in
Fig. 6.5. As the accumulation front moves to the collector, the high field domain
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Figure 6.3: Current response versus time for U; = 1.5V and various Use,. Parame-

ters as in Fig.6.2. The individual current traces are spread by 25 uA for
clarity.
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Figure 6.4: (a) Experimental time traces for down jumps from the third branch
to the third (A), second (B) and first branch (C), respectively. (b)
Experimental time traces for down jumps from the fourth branch to the
third branch (A and B) and second branch (C), respectively. The final
voltage for trace A is closer to the discontinuity with the fourth branch
than for current trace B. Note that the time scales of (a) and (b) are
different. Reprinted from [110].
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Uge = +0.4V

Ugep = +0.26V

Uge = +0.25V

Ustep — 'O.5V

O time [ug] 10

Figure 6.5: Space time plot of the electron density evolution of the switching pro-
cesses indicated in Fig.6.3, with U; = 1.5V and various Ugep. Regions
of electron accumulation (depletion) are shaded in blue (red).

decreases, and thus the fields in the low and high field domain, will increase again.
This leads to an increase in the current, which is however intermitted by small
spikes, due to the motion of the maximum of the electron density to a new well.
Thus for Ugep < 0 we have always a direct motion of the accumulation front to its
new position, irrespective of the size of Ugep. This finding is corroborated by recent
experiments [110] (cf. Fig. 6.4(b)).

A further remarkable feature in the case Uge, = —0.5V is the plateau in the
current trace (Fig. 6.3) from ¢ = 0.7...2.2 us, just before the last spike brings us
to the final current value. This is caused by the vicinity of V; to the discontinuity
of the down-sweep characteristic (Fig. 6.2). As the accumulation front approaches
this discontinuity, the current density is only slightly below 77 . . and the accumu-
lation front will accordingly move rather slowly, as is also evident from the electron
density plot in Fig. 6.5. This effect is further enhanced by the flat slope at the dis-
continuity points of the down-sweep branches (as opposed to the steep slope at the
discontinuity points of the up-sweep branches). If the final point is however farther
away from the discontinuity, the switching time is reduced as is demonstrated by
the current trace for Ug.e, = —0.51 V in Fig. 6.3). The sharp spikes, associated with
the well to well hopping of the maximum electron concentration can not be resolved
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6 Nonstationary External Voltage

experimentally, however the plateau structure and the dependence of the switching
time on the distance from the discontinuity agrees with the experimental results as
shown by the experimental current traces in Fig. 6.4(b) [110].

6.1.2 Up Jumps

For up jumps, the final operating point turns out to depend non trivially on the
exact value of Ugep. Consider again the fixed initial voltage U; = 1.5 V. Then there
exists a threshold voltage step Uy, such that for small positive jumps Ustep < Ueit,
the final position of the operating point is located at the upper branch of the final
voltage Uy on the next or the next but one branch (cf. orange and dark green arrows
in Fig. 6.2). The corresponding current traces (Ustep = +0.1V and Ugep = +0.25V
in Fig. 6.3) show a sharp current peak at the switching time, due to the sudden
increase of all electric fields in the superlattice. As long as the current density
surpasses 73 . the accumulation front acquires a negative velocity due to Fig. 6.1(b).
The front moves towards the emitter, as is evident from the charge density evolution
for Ustep = +0.25'V in Fig. 6.5. This motion decreases the fields again by Gauss’s
law (3.0.2), until the current density drops below j2 _ and the accumulation front
stops. Similar to the case of down jumps, the relaxation time 7, until the final
current is reached depends sensitively on the distance of the final operating point
from the previous branch discontinuity. Typically we have 7. < 0.5us.

For Ustep > Uaqit, the system behavior changes dramatically. Now the final op-
erating point is on the lower branch of the final voltage Uy. This is surprising,
since points on the down sweep branches, can ordinarily only be reached after first
sweeping to higher voltages. Also the current trace shows a remarkable behavior,
as shown for the voltages Ugep, = +0.26,+0.4 V in Fig. 6.3. The initial peak at the
switching time, is followed immediately by a sharp drop to a level well below 57 . A.
The current then shows a spiky behavior, but remains on this plateau for about
6us. It finally rises to a constant value, which corresponds to an operating point,
which is located on the lower branch of the current voltage characteristic.

The explanation for this puzzling scenario can be seen from the electron density
evolution in Fig. 6.5 (upper panels for Ugep, = +0.26,+0.4V). We see that at the
switching time ¢t = 0, the original accumulation front moves towards the emitter,
just as in the Ugep = +0.25V case. But at the same time, a new dipole, consisting of
a leading depletion and a trailing accumulation front is injected at the emitter. As
we have learned in Section 3.3.1, this dipole injection is triggered by the rise of the
current beyond j. for a sufficiently long time. This triggering condition is fulfilled
for Usep > Uerit- After the injection of the dipole, we obtain a tripole configuration,
and according to Sec. 3.2, the current density is fixed at jo1) (Fig. 6.1), which
explains the plateau like current trace in Fig. 6.3, which is also visible in the exper-
imental data in Fig. 6.7(a). The well to well hopping of the fronts of the tripole are
responsible for the spikes in this plateau. As the fronts move towards the collector,
the depletion front moves at twice the velocity of the two accumulation fronts, as
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Figure 6.6: Current trace (a) and density evolution (b) for switching processes with
varying U; and fixed Ugep = +0.3V.

discussed in Sec. 3.2, and reaches the collector shortly after the original electron
accumulation front. Meanwhile the new accumulation front has traveled from the
emitter towards the center and reaches its final position after the two other fronts
have disappeared from the sample. We can now explain, why the final operating
point is on the lower branch of the stationary current voltage characteristic. During
a down sweep, the accumulation front also moves towards the collector, driven by a
current below j2. . But since the same is true for the newly generated accumulation
front, both processes have to lead to the same final state.

For U; = 1.5V, the original accumulation front and the depletion front reach the
collector at almost the same time. By choosing different initial voltage U;, we can
select other scenarios. Consider for instance the case U; = 0.7V in Fig. 6.6. Now
the original accumulation front quickly reaches the collector, and we are left with a
dipole. This is also visible from the current trace, which switches from the tripole
current je,1)A to the lower dipole current j;A, during the dipole phase. Although
this effect seems to be small, it was demonstrated experimentally (cf. Fig. 6.7(b))
[110]. On the other hand for a larger U; = 2.2V, the fast depletion front catches up
with the original accumulation front, before it reaches the collector. In this case,
the dipole phase is absent, and a shortened current trace is obtained (Fig. 6.6.)

The fact that dipole fronts are injected is related to our choice of the boundary
currents. In Refs. [73, 115] switch on processes were considered and it was found
that the domain formation is caused by a monopole mechanism. We can obtain
equivalent scenarios by choosing o = 0.1 Q7 'm™!, as shown in Fig. 6.8. Now with
increasing Usep, there is a continuous transition from a direct relocation of the
charge accumulation front (Usge, = +0.4V) to a scenario, where the original ac-
cumulation front vanishes and a new accumulation front generated at the emitter
forms the new domain boundary (Usiep = +0.9 V). At an intermediate voltage step
of Ustep = +0.5V, the original and the newly generated front at the emitter merge
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Figure 6.7: (a) Experimental current traces (upper panel) for up jumps from the
third branch to the third (A) and fourth branch (B and C), respectively.
The lower panel shows the final current (/;) and the maximum current
(I,) during the jump. (b) Experimental current traces for switches from
the third to the fifth branch (A) and from the tenth to the thirteenth
branch (B) of the current voltage characteristic. The regions 2 and 3

correspond to the tripole and dipole phases, respectively. Reprinted
from [110].

to the new domain boundary. This is apparently in violation of the basic rules of
single front dynamics (see Chapter 3), which for instance require, that fronts of
same polarity move in the same direction. However in Chapter 3, we were dealing
with fully developed fronts, while the fronts appearing in Fig. 6.8(b) are only partly
developed. Although the monopole mechanism is possible theoretically, the plateau
like experimental current traces observed in Refs. [109, 110, 108] (cf. Fig. 6.9) show
that the dipole mechanism are more common experimentally.
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Figure 6.9: Experimental current trace of an N = 20 well superlattice for a voltage
step from 0 to the second branch. Reprinted from [108].
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6 Nonstationary External Voltage

6.2 Ramping

Experimentally it is not possible to switch the voltage instantaneously as in Eq. (6.1.1),
but the effectively applied voltage will rather follow the ramp like form:

Ui for t < —7,,
Ut) = Ui + = (Usep)  for —7, <t <0, (6.2.1)

U =U; + Ugep fort >0,

with the ramping time 7,.

Let us first consider the situation, where the final voltage Uy is close to the
discontinuity point Uy at which the current branch terminates. This situation
was studied experimentally in Ref. [47]. We see from Fig. 6.11 that the current
response depends sensitively on the exact value of the final voltage Uy. The branch
at which the operating point at U; is located if Fig. 6.11 has its discontinuity at
Ugisc = 1.5738 V. Thus one could suppose that for Uy < Ugise the final operating
point is still on the original branch. This is however not the case, since for U; =
1.5737V, the final operating point already is located on the next branch (cyan line
in Fig. 6.11). Here the current rises during the ramping time, then at ¢ = 0 quickly
relaxes within less than 0.05 us to a current which corresponds to an operating point
on the original branch. At this level the current remains almost constant for a delay
time of about 7, = 1 us, before it finally drops to its final operating point on the
next branch. The switching time for this final drop is about 7, = 0.2 us. If we now
further decrease Uy, the switching time 7, remains approximately constant, but the
delay time 7, increases dramatically (right panel of Fig. 6.11), and diverges shortly
before the final operating point remains on the same branch (green line in left panel
of Fig. 6.11). This agrees with the experimental data from Ref. [47] (cf. Fig. 6.10).

It is now also interesting to consider the distribution of the relocation times for
many switching processes with the same Uy. Experimentally it is not possible to
specify Uy with arbitrary high accuracy and also the electron densities n,, will vary
slightly with each switching process. For Uy far away from Uy, the delay time
74 can be neglected, and we obtain 7, &~ 7, &~ 0.2 us. Assuming a Gaussian dis-
tribution of Uy we expect that the distribution of 7 will also be Gaussian with
a rather small variation o. This is also found experimentally (cf. right inset in
Fig. 6.10). However from Fig. 6.11 we see that for Uy close to the discontinuity
point Ugisc, the relocation time is extremely sensitive to variations 6U; of Uy. Addi-
tionally the sign of U is important. Consider for instance the case Uy = 1.57366V
(violet line in Fig. 6.11(b)) with a relocation time 7, ~ 2.5pus. A variation of
Us by Uy = 0.01mV will yield a slightly lower 7.1 ~ 2.0 us. But a variation by
dUy = —0.01mV (red line in Fig. 6.11(b)) approximately triples the relocation time
to Trel = 7.9 ps. Thus we expect that a Gaussian distribution in Uy translates to an
asymmetric distribution of the relocation time 7., with a pronounced tail at large
Trel- This behavior has also been observed experimentally, as shown in the left panel
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Figure 6.10: Average (7) and width (o) of the experimental relocation time distri-
butions (insets) for up jumps from the third to the fourth branch at
different final voltages. The discontinuity of the third branch is close
to V = —=732.0mV. Reprinted from [47].

of Fig. 6.10. In the literature, however there exist two alternative explanations for
this distribution, which propose that either thermal noise [116] or single electron
tunneling [112] are responsible for the uncertainty in the relocation time. Such
effects would however only dominate, if the final voltage Uy could be experimen-
tally fixed with a very high precision, and the variation of Uy as the source of the
distribution of the relocation time seems to be the more natural explanation.

6.3 Sweeping

Instead of only ramping to the next branch discontinuity, it is also interesting to
sweep the voltage over several branches. We again use a voltage profile of the form
(6.2.1).

A typical result of the current voltage characteristic for different sweep velocities is
shown in Fig. 6.12(a). A large ramping time, such as 7, = 10 s, merely reproduces
the up sweep branch of the stationary current voltage characteristic in Fig. 6.2.
With decreasing 7., the sharp drops at the discontinuity points of the branches are
smeared out, and at the same time the current level rises (cf. 7, =4, 2, 0.7 us).

For even smaller 7, = 0.6 us (orange line in Fig. 6.12), the current shows a
fundamentally different behavior. It first rises to a peak value of about 250 u A at
U = 1.5V, and then drops to current values about 120 pA, with oscillations of about
15 nA. The explanation for this phenomena is given again by the corresponding
electron density plots (Fig. 6.12(b)). While for 7, = 0.7 us the original accumulation
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Figure 6.11: Ramping processes with U; = 1.5V and various final voltages Uy (col-
ored points in (a)) close to the discontinuity of the original branch.
The ramping time is 7, = 100ns. The current traces in (b) are shifted
vertically by multiples of 25 pA.

front moves towards the emitter, for 7. = 0.6 us, a new dipole is injected at the
emitter, which is triggered by the large current peak. The leading depletion front
of the dipole eventually merges with the original accumulation front, similar to the
dynamics found for large positive switching voltages (cf. Fig. 6.6). However since
the external voltage still increases during the tripole phase, the front trajectories in
Fig. 6.12(b) are distorted, and the current during the tripole phase is larger than
the classical tripole current j 1.

The findings of this section agrees well with experimental results [108, 110]. In
particular in Ref. [110] (cf. Fig. 6.13) the importance of the triggering current was
explicitly demonstrated.

6.4 Impedance

We now consider the response of a superlattice to a time dependent external voltage
of the form

U(t) = Uge + Upe sin (27t [ Toc) (6.4.1)

which is the sum of a dc voltage part Ug., and an ac part which is characterized
by the amplitude U,. and the frequency w,. = 27/7,.. Let us assume that for
U.. = 0, the superlattice contains a moving dipole consisting of an accumulation
and a depletion front moving to the collector. From Sec. 3.2 we know that the
fixed external voltage causes both fronts to move with the same velocity (v, = v4),
which in turn fixes the current to j, (cf. Fig. 3.13). This is of course not true, if
the external voltage is not fixed. For example, if the external voltage increases the
high field domain should grow, which is only possible, if the depletion front moves
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faster than the accumulation front. More precisely, from (4.2.1) we get

i)~ () = o + %)(”% (6.4.2)

where we have used the approximation F! ~ 0. Similarly to (4.2.9) we approximate
the left hand side of (6.4.2)by

Ud(j) - Ua(j) ~ kv(] - jd)7 (643)

. . d
kv = (95va(ja) — Ojva(Ja)) ~ QeND' (6.4.4)

For small voltages, we can neglect the second term on the right hand side of (6.4.2),
and simply get

F'ky(j — jg) = =U = —iwl. (6.4.5)
This gives rise to a purely imaginary impedance of

,_ U Rk
A(j — ja) wA

(6.4.6)

For a superlattice of type B we have Fj, ~ 5MVm and k, ~ 1.6 - 10~*m3/Cb.
For 7,. = 1ns, this yields,

Z =1i-130nQ. (6.4.7)

From the numerical simulation in Fig. 6.14, we obtain a somewhat smaller value
Z™M ~ 160nf2, but we see that the expected phase relation, between current
density and the external voltage is accurately fulfilled.

We may note that (6.4.6) is only valid in the high frequency limit, when 74,
is much smaller than the typical lifetime of the fronts. Furthermore the fronts
have to be well separated from each other, in order to fulfill the velocity current
characteristic for single fronts (cf. Fig. 3.13). Since this last condition is not fulfilled
for the oscillation mode considered in Refs. [49, 117], their results can not be directly
compared to the results in the present section.
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7 Front Dynamics in Two Spatial
Dimensions

Up to now we have considered the superlattice as a one dimensional device, and
assumed that at any time each quantum well is homogeneously charged. In that case
only the vertical charge transport from one quantum well to the next is responsible
for the observed dynamical patterns. Such an assumption is only justified for small
lateral well sizes, since then the relaxation time for charge fluctuations within one
well is much faster than all other dynamical time scales.

In this chapter we will consider superlattices with large lateral extension. Then
lateral patterns may contribute to the overall dynamics of the system. In particular
the interaction between vertical and lateral patterns may give rise to qualitatively
new scenarios.

7.1 Lateral Transport Theory

7.1.1 Dynamical Equations

Taking into account the lateral degrees of freedom, the new dynamical variables
are the two dimensional charge densities n,,(x,y), which now, in addition to the
quantum well index m, also depend on the well plane coordinates z € [0, L,] and
y € [0, L,] (here L, and L, are the extensions of the superlattice in z and y direction,
respectively). The continuity equation (3.0.1) then generalizes to the new dynamical
equation

Ny, (z,y) = j,'L_lﬁm - j,'LﬁmH ~V.j: form=1,...N, (7.1.1)
with
it (T 9) = i1 (F 1, 1) (7.1.2)
A\ :egg%Jrey(%, (7.1.3)
dj:(x,y) = —epm,Fr: — eDoV 1 np,. (7.1.4)

Here the lateral two—dimensional current density j (units: [A/m]) is the sum of
a drift and a diffusion term, characterized by the mobility p and the diffusion
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coefficient Dy, respectively. The electric fields fulfill the semi-discrete version of
Gauss’s law

e

Fl —Fl 4 av,F:=—"(n,—Np) form=1,...N, (7.1.5)
€r€p
with the boundary conditions
N
U=-Y Fl(z.y)d forze(0,L],y €0 L), (7.1.6)
m=0
F.(0,y) = F. (L., y) = F;. (2,0) = Fih (2, L,) = 0. (7.1.7)

7.1.2 The Generalized Einstein Relation

The parameters p and Dy appearing in (7.1.4) are the mobility and the diffusion
constant within the well, respectively. They are connected by a generalized form of
the Einstein relation [118, 119]

N

Do) = = o o ok T (7.18)

with pg = m/(7wh?). Note that the mobility u can in principle also depend on n,
and that (7.1.8) can only be derived for the equilibrium case. In the following we
make the assumptions that p is fixed (for GaAs we assume p ~ 10m?/Vs), and
that (7.1.8) is still valid in the non-equilibrium case. Then we may rewrite (7.1.4)
as

‘7_L N
—epo (1 —exp [—n/(poksT)]) |

(@) = —epmn, |Fo + (7.1.9)

7.1.3 Solving Poisson’s Equation

For the integration of (7.1.1), it is necessary to solve (7.1.5) efficiently with respect

to the electric fields F and F),. This amounts to the solution of the semi-discrete
Poisson equation for the potential ¢,,(x,y) of the form

App(z,y) = (AL + ) om(z,y) = — (nym—Np) form=1,...N, (7.1.10)

de,€
with
0? 0?
ALpm(z,y) = <@ + a—yg) Pm (2, Y), (7.1.11)
Ajom(asy) = Pm-1(2.y) = 20m(2,Y) + P (@, ) (71.12)

d2

A straightforward way for obtaining the potential ¢, from (7.1.10) would be to
calculate the capacity matrix A~! explicitly. With M the number of discretization
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points in the (x,y) plane, this matrix would however have (N M)? elements, and we
have to perform O(N2M?) operations at every integration time step.

In search of a more efficient algorithm, we compare the contributions from A ¢,
and Ay, in (7.1.10). In Ref. [119] the mean free path of the degenerate electrons in
the well was estimated as [,,, = 0.3 pum, and we may expect that typical structures in
the lateral direction vary on a length scale which is even larger. Indeed it was found
by numerical simulation of the very similar DBRT model that lateral structures
typically occur on the length scale of about {; = 10 um [21, 120, 121]. On the other
hand, the variations of the potential in the vertical direction z is of the order of the
superlattice period d ~ 10 nm. We may therefore conclude that

A ~ ()72 < Doy ~ d72 (7.1.13)

This allows to invert the Laplace operator by the use of a perturbation expansion
of the form,

A7 = (AL + AT =1+ ATA)TIAY, (7.1.14)

(1= ATALF DA = AT S APAL (7.1.15)

In the last step we used the fact that A, and Aj commute. Applying (7.1.14) to
(7.1.10) then yields

Pm(2,y) = o (@,y) + @n (T, y) + . (7.1.16)
€ _
em(@,y) = g A A (7.1.18)

The advantage of such a solution for (7.1.10) lies in the fact that it can be calculated
very efficiently. ©? (z,y) is evaluated by shooting with

ooz, y) = & (z,y) =0, (7.1.19)

d
“ (i — Np) form=1...N, (7.1.20)
€r€o

0 50 _ 50
90m+1<x7 y) = 290m —Pm_1
and then taking into account the corrections from the boundary conditions by

©° (z,7) :@9”+(U_¢9V+1)NL—|—1 form=1...N+ 1. (7.1.21)
The algorithm described by (7.1.20) and (7.1.21) completes in only O(NM) oper-
ations.

Also the matrix multiplication A n,, appearing in the calculation of ¢}, (z,y) in
(7.1.17) is of O(NM), since A, is a matrix with only five entries per row. The
operator Af is simply evaluated by applying the algorithm of (7.1.20) twice and
use a correction as in (7.1.21), but with U = 0.
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Figure 7.1: Homogeneous current voltage characteristic for superlattice of type B,
with ¢ = 500Q'm™! and L, = 50 um. The green lines denote the
voltages considered in Fig. 7.3.

Once we have obtained the potential ¢,,(x,y), the electric fields are easily ob-
tained in O(NM) by

Fl (2, 4) = P41 (2, y)d— em(t,y)

Fo(2,y) = =Viom(r,y), (7.1.23)

(7.1.22)

and can be used in (7.1.9) and (7.1.2) to calculate the current densities for the
electron density evolution equation (7.1.1).

7.2 Stability of Inhomogeneous Lateral Patterns

For the numerical implementation of the scheme described in the Sec. 7.1, we use
a superlattice of type B (see Table 2.2 on page 12), with a contact conductivity
of 0 = 50002 'm~!. Here we choose a large o, in order to avoid front generation
processes at the emitter. For simplicity we assume that the sample extension in the y
direction is small, such that pattern formation can only occur in the x direction. We
choose L, = 50 um and M = 25 discretization points. We calculate ¢,,(x,y) only
to the lowest order, and assume an effective diffusion constant of Dy ~ 0.01 m?/s.
In the homogeneous case without lateral pattern formation, the superlattice shows
a stationary current voltage characteristic with branches associated with the peak of
the electron charge distribution (Fig. 7.1) located in the well labeled by its number.
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Figure 7.2: Current trace for superlattice parameters as in Fig. 7.1, with inhomo-

geneous initial condition at various voltages. At ¢t = 0, accumulation
fronts are placed in the left half of well 90 and the right half of well 88.

Due to the multistability apparent from Fig. 7.1, we may expect stable lateral
patterns, where the superlattice is divided along the x axis into regions with varying
operating points. We prepare initial conditions, with the left and right halves
of the superlattice corresponding to operating points on branch number 90 and
88 respectively. This is achieved by putting electron accumulation fronts at the
appropriate positions in well 90 and 88. We then study the response of this initial
configuration to various voltages.

The resulting current traces and electron densities are shown in Fig. 7.2 and
Fig. 7.3, respectively. We see that for U = 0.97V the sharp current peak from
the switch on of the external voltage, pushes the accumulation front in the left
half from well 90 to 89 already at ¢ = 0.1ns. The current density is then given
by the average of the current densities of the operating points at well 88 and 89.
Subsequently the accumulation front at well 89 extends to the right and extrudes the
accumulation front at 88, until at ¢t = 3.5 ns we arrive at a homogeneous state with
operating point at well 89. During this process the current density rises linearly
to the value of the final operating point. For U = 0.98V, we observe a similar
behavior, but the time until the final operating point on branch 89 is reached, has
approximately doubled. Note that the branch 89 wins over branch 88, although
according to Fig. 7.1, both branches are stable at this voltage. This changes for
U = 1.0V, however, where the operating points on well 89 and 88 coexist (Fig. 7.3)
for longer than the simulation time, and the final current is given by the average of
the currents from both branches.

For an even higher voltage U = 1.1V, we find that the switch-on-peak shifts both
accumulation fronts by one well from well 90 and 88 to 89 and 87, respectively,
within less than 0.1ns. Then the electron accumulation from well 89 drops to well
88 starting from the middle of the sample, until at ¢ = 7ns we reach a stable
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Figure 7.3: Electron density evolution for inhomogeneous initial conditions as in
Fig. 7.2, shown in the (x, z) plane of the superlattice.
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7.2 Stability of Inhomogeneous Lateral Patterns

well #
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0.1ns 0.12ns 0.14ns 0.16ns 0.26 ns

Figure 7.4: Superlattice as in Fig. 7.1 at U = 1.0V. Inhomogeneous initial condition
with accumulation (depletion) front in left (right) half of well 80.

configuration with the left (right) half of the sample on branch 88 (87). During
this transition, the current density drops linearly, as expected from the weighted
average of the three involved operating points.

It is also interesting to consider an initial condition, with an accumulation front
in the left half, and a depletion front in the right half of the same well. Such
a configuration is shown in Fig. 7.4. We see that a new accumulation front is
generated at the emitter in the right half of the sample, and moves towards the
collector. Together with the already present fronts, we thus obtain a dipole in the
left, and a monopole in the right part of the sample. As the dipole moves towards
the collector, the monopole extends towards the right, until it eventually occupies
the whole sample width. This behavior is also reflected by the corresponding current
trace (cf. Fig. 7.5), which for ¢ > 1.0ns can be explained as the weighted average
of the dipole current j; and the current of the final operating point.

In summary we have seen in this chapter that the lateral structures in super-
lattices reveal new aspects of front interaction processes, which are fundamentally
different from the purely one-dimensional vertical interaction scenarios of Chap-
ter 3. However, a more systematic analysis is still necessary, to gain a thorough
understanding of the involved mechanisms. Such an analysis is however beyond the
scope of the present work.
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Figure 7.5: Current trace for the scenario in Fig. 7.4
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8 Summary and Outlook

Semiconductor superlattices have been a focus of intensive research during the last
decade. Experimentally a host of intriguing phenomena, such as self sustained high
frequency oscillations, stationary field domains, or a remarkable response to the
change of the external voltage has been observed. Theoretically, the dynamics of
the superlattice has been described by various theories on different hierarchy levels.
Examples are the Wannier-Stark ladder, the miniband transport model or the non-
equilibrium Green’s function theory. One reason for this interest in superlattices can
be attributed to the expected technological applicability, for instance in Terahertz
electronics, but from a more fundamental point of view, the significance of the
superlattice as a nonlinear model system, is equally important. In particular the
fact that it provides a rich front dynamics, has proved to be fruitful throughout this
work.

We founded our analysis on a semiclassical sequential tunneling model for the
electrons, which is motivated by quantum mechanical considerations. The resulting
nonlinear transport equations give rise to the formation of electron accumulation
and depletion fronts, which form the boundaries between high and low field do-
mains. It is thus natural to look for a description of the superlattice dynamics in
terms of fronts. Such a front model provides a new hierarchical level on top of the
semiclassical model.

With this aim, we first study the propagation, generation and annihilation of
single fronts in detail. It was found in Chapter 3 that the front velocities are deter-
mined by the overall current density, while the generation of fronts at the emitter
is governed by the nature of the emitter contact, characterized by the contact con-
ductivity o. Fronts disappear from the system, as they either reach the collector, or
collide with a front of opposite polarity. It is this latter possibility of front annihila-
tion that allows for particularly interesting scenarios, such as chaotic behavior under
fixed external voltage conditions. We have demonstrated in Chapter 4 that large
parts of the bifurcation scenarios of the microscopic model can be reproduced by a
model which uses the front positions as the dynamical variables. This front model
has a very generic structure, and it may be relevant for other globally constrained
front systems as well.

As shown in Chapter 5, a further simplification of the front model applies, if
the fronts do not reach the collector. In this case the front model maps to a tank
model, which describes the filling heights of a number of water tanks. The tanks are
filled and drained by a given set of rules. Similar models are obtained generically in
various areas of science and engineering, for instance in the context of production
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8 Summary and Outlook

processes. The tank model can be described analytically by iterated maps. In
Chapter 5 we explicitly constructed the maps for the first two nontrivial cases n = 3
and n = 4. It is shown that the map for n = 3 follows the universal U-sequence
of periods, which appears in a large class of one dimensional iterated maps. This
finally explains the peculiar bifurcation scenario observed in the microscopic model.

Experimentally, the current response of superlattices shows surprising features,
under sweeping or switching of the external voltage. For example, it is possible to
reach the down sweep branch of the stationary current voltage characteristic by a
fast voltage increase. As demonstrated in Chapter 6, such effects can be naturally
explained in terms of the front dynamics.

Apart from the fronts in vertical direction, fronts are also possible in lateral di-
rection. In Chapter 7 we extend the superlattice to include one additional lateral
dimension, and found that the stability of the corresponding lateral patterns de-
pends sensitively on the applied voltage.

Although the front model explains a large part of the superlattice dynamics, there
are nevertheless scenarios, which are not yet reproduced successfully, and should
be the object of future research on this subject. One failure of the front model
obviously arises from fronts, which are not fully developed. Here the model could
possibly be extended to at least take into account the “excitonic” fronts, which
were discussed in Sec. 4.1.1, and appear to be the most important correction to the
front model. It would also be worthwhile to understand, which parameters of the
superlattice influence the success of the front model. It may then be possible to
find a clear n = 4 or n = 5 scenario as in Fig. 4.11, in the microscopic model. Such
considerations may also help the experimentalists to construct superlattices, which
show self generated chaoticity. Furthermore the front model does not satisfactorily
reproduce the case where fronts reach the collector, and a more detailed analysis of
the collector contact seems to be necessary.

Interesting new effects are also expected from a further analysis of the lateral
instabilities in the superlattice. In this work we have only laid out the basic lateral
transport theory, but a detailed understanding of the interaction between vertical
and lateral fronts is still missing.

Last but not least a more ambitious extension of this work would be to check the
universality of the presented methods by applying them in a more general context.
As a first step it would be useful to derive a generalized front model from a more
generic, probably continuous model. A second step would then be to find concrete
examples of front systems, which can be described by such a front model. The
hope is, that in the course of this work, a unified theory encompassing general front
interactions will emerge.
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